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PREFACE 


This book bas been written for science and engineering students 
in schools and universities with two objects in view: to show how the 
fundamental principles of Hydrostatics are applied in the various 
branches of Engineering, and to cover the requirements in Hydrostatics 
of the various Higher School Certificate examinations, and of Univer- 
sity Scholarship and Intermediate B^ree examinations. 

No apology is now needed for using elementary calculus in various 
proofs, although alternative methods are generally also given. A large 
number of worked examples have been included to give adequate 
illustration of the principles involved. 

Acknowledgement is duo to the Senate of the University of 
London for permission to use questions set at their Higher School 
Certificate and Intermediate Arts, Science, and Engineering 
examinations. 


June 1948. 


E. E. P. 
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INTERMEDIATE HYDROSTATICS 


CHAPTER I 

FLUID PRESSURE 


1. Hydrostatics 

Hydrostatics is the name given to the study of the equilibrium of 
fluids at rest and to the forces maintaining equilibrium. As the name 
implies, it is a branch of Statics dealing originally with water, a typical 
liquid, and later extended to cover all fluids. The subject is believed 
to have originated with the work of Archimedes (250 b.c.), but it 
was not until 1653 that the fundamental principles of the theory of 
hydrostatics were clearly explained and illustrated by the French 
philosopher and mathematician, Pascal. These principles have a very 
wide field of practical application; first, because many practical 
appliances such as pumps, hydraulic presses and turbines function by 
reason of them, and secondly, because they form the basis of the subject 
of hydrodynamics which deals with the motion of fluids under the action 
of forces and the motion of solids through fluids, and consequently 
embraces such practical problems as the flow of liquids through pipes, 
the shape of the section of aeroplane v'ings, the stability and shape 
of ships, and many others. The parts of the subject which are of 
particular importance to the practical engineer are termed Hydraulics. 
Some of the appliances dependent on hydrostatical principles are 
considered in Chapter XI. 

We begin our study of Hydrostatics by examining more closely 
what we mean by such words as fluid, liquid and solid. 

2. The three forms of matter 

All matter may be classified into two groups, solid and fluid and, 
as the name implies, a fluid is a substance which flows or is capable of 
flowing. Fluids (of which water and air are the two most common) 
may be subdivided into liquids (e.g. water) and gases (e.g. air), and it 
is important to notice some of the characteristics of each of the three 
groups.- 

A solid tends to keep its same shape for an indefinite length of time 
and consequently offers considerable resistance to any force tending 
to change its shape or volume. 

A liquid is a fluid which offers very little resistance to a force tending 
to change its shape, but considerable resistance to a force tending to 
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change its \olume, tc \t does not change its solume nctj much for 
sanations in prc^urc, but it rcadilj assumes the shape of the icssel 
m which it 13 contained 

A gas 13 a fluid which is readil} compressed and changes in i olume 
with change of pressure If a quantit) of gas is introduced into a 
closed lessel it will expand and fill the vessel and consequent!} a ill 
haie no free surface 

The^e distinguishing charactenstics arc conicmcntl} summed up 
in the words — 

A tohd has both size and shape, 

A h^uid has size but not shape, 

A gas has neither size nor shape 

All the chemical elements and man} other substances can exist 


Tig 2 



in all three forms, depending upon external conditions Kier}onc 
IS familiar with ice, water and steam, different forms of the same 
substance produced by \ anations m temperature It w as not, howei er, 
until comparatn el} recent!} (1870) that air, ox}pen and nitrogen were 
liquefied bj the French plijwcists Cailletet and Pictet Although 
the three forms are distinct, the change from one to another is gradual, 
dunng which the substance ma} exhibit some of the characteristics 
of both the ncighlionnng states 

3 Sohds and fluids 

Fince we are concerned in this book with fluids we must consider 
a little more deeph the e*«enti8! differences between solids and fluids 

Suppose we have a solid block of wood disided b} an imaginary 
plane AB into an upper part and a lower part (Fig 1) Tlie upper 
part exerts downward forces on tie lower part b} reason of its weight 
and bv the metho<ls of Statics (eee Tutonal p 21) the^e 

downward forces mav be resohed mtoforceaal right angles to the plane 
nection and those parallel to this section s-s shown in the sectional 
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diagram (Fig. 2). Tlio forces N con stitute a normal thrust across 
111® and the forces S arc tcrmcdl7icn Ti)i ^ forces. TJi c directi on 

as~ ilio\nr~a r c tho.se of t he component fo rccs''cxcrted by the upper 
j)art of tliejdock on to the lower and in consequence the lower part 
exerts equal and opposite forces on the upper part by Newton’s Third 
Law of equal action and reaction. All th ese combined forces arc c alled 
the stress at the section, while the sheanug forces and their countoF" 
balancing forces alone constitute the shcarwg stress at the section. 
It is clear that the solid block can withstand the shearing stress indicated 
above and it does this by \'irtue of its rigidity. Since it also \vithstands 
the normal thrust across an}' section we arrive at the following definition. 
A solid is a bod}' which offers permanent resistance to any form of 
stress, juoviding the stress is not too great. 

It is obvious that if too great a stress be applied the solid ma}' 
break, but it is the permanent 
resistance which it offers 
which distinguishes it from a 
fluid, for a fluid is incapable 
of xcithstanding permanently 
any shearing stress, however (sj 
small. It is obvious from 
e.xpcrienco that if, in Fig. 1, 
the upper part is imagined 
to bo fluid, no equilibrium is . 
possible, the fluid deforms and j 
runs down — it has no rigidity.r-j 
In the above definition of a fluid, the reason for the qualification 
“ permanent!}' ” is that some fluids are sluggish or viscous and 
may require time before motion is produced by a shearing stress, but 
however viscous a fluid may be, a shearing stress, although small, will 
eventually produce motion so that the equilibrium of a fluid under 
shearing stress is impossible. On the other hand, a fluid of low viscosity 
flows rapidly under such a stress. Since we shall only be dealing with 
fluids at rest we shall not be concerned with viscosity, we need only to 
realise that in any fluid in equilibrium there can be no shearing stress. 

4. Fundamental property of a fluid 

From the fact that a fluid possesses no rigidity we may deduce 
the following fundamental property of a fluid: — token a fluid is in 
equilibrium, the force which it exerts on any surface with which it is on 
contact, is at right angles to that surface. 

Let Fig. 3 represent a section of a vessel containing a fluid, and 
suppose that F represents the force which the fluid exerts on a small 
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area in the side of the aessel \\e are not concerned here nith the 
magnitude of the force but onlj its direction I et the direction of 
F make an angle 0 with the aertical Then F maj be rcsohed into 
Its 0 components >« and S at right angles so that 

S = F cos 0 

and N = Fsm 0 (see Tutorial Statics, p 21) 
But the force S is a shearing force which would make the particles of 
fluid slide down the walls of the aes<cl Thus motion would 
ensue which is contrara to our original statement that the fluid 
IS m equilibrium Hence for equilit num S must equal zero 
so that 

F cos 5 = 0 

Thus either h = 0 or cos 5 = 0 

\\ c know bj ex])erience that F does not equal zero because if n portion 
of the side of the sevel be remosed the fluid will run out so that there 
14 ccrtainl) some force F Thus cos 5 = 0 i r 5 = 00® and the force 
F is therefore wholh perpendicular to the surface 

5 Perfect fluid 

It IS often conaement to imagine a fluid such that whether at rest 
or tn voUon the force exerted bj it on anj surface with which it is 
in contact is at right angles to that surface Such a hypothetical 
fluid is called a jierfect Jlmd and m consequence of this dcflmtion there 
can be no force in the nature of fnction between the fluid and a surface 
in contact with it This idea of a perfect fluid becomes of much 
more importance m tl e subject of Hy drody namics it docs not greatly 
concern us in Hvdrostatics since as wc hasc seen if a fluid is in equi 
librium whether it be very aiscous or not it always exerts a force ot 
right angles to anp surface with which it is in contact It is, hones er, 
worth while to notice the \alae of <uch a conception tt first sight 
It might appear illogical to take as a jierfect fluid an imaginary fluid 
which does not exist m ^ata^e especiallp os an aid to the formulation 
•aC W. Khx •iadurtwsj ikewetwni KhA. 

flow of such a fluid may be fairly easily established and then modified 
to take into consideration the deviations of actual fluids from tl c idea] 
of a i>erfect fluid 

6 Pressure of a fluid 

I/rt us consider some experimental esidcnce on the thrust or push 
exerted by a fluid 
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Suppose Fig. 4 represents a section of a fluid contained in a 
rectangular vessel. We know by experience that the fluid will spurt 
out of a hole at A with more force than it would out of a hole at B, 
providing the areas of the holes are the same, showing that the fluid exerts 
a greater thrust on the area at A than at B. Since the area is an 
important factor in these considerations we denote the thrust per 
unit area by the term pressure. If the thrust has the same value over 
all the parts of our small area, we say that the pressure is uniform. 
In this case the pressure is not uniform and, as we shall see later (§ 16), 
it increases uniformly with the depth. Suppose we have a small area, 
a square feet, in the sides of the vessel, and that the total thrust on this 

N 

area be N lb. wt. Then the average pressure over this area is — lb. wt. 

a 

per sq. ft. If we imagine the area a to be diminished, the total thrmst 

N 

N is consequently diminished and the limiting rmlue of — as a reduces 

a 

to zero is called the pressure in- 
tensity at the point to which the 
area is reduced. It will still be B 
in units of lb. wt. per sq. ft. It 
is obvious that there is a pressure 
intensity all round the boundary 
between the fluid and the vessel, 
but it is not ^uite so obvious that 
there is also a pressure intensity ^ 
at every point within the fluid. 

This may be shoivn as follows. 

Imagine what would happen if a 
volume S of the fluid were removed from the interior (Fig. 4) ; the 
surrounding fluid would rush in and fill the cavity and thus the fluid 
which is in fact enclosed by S must exert a counteracting thrust on 
the surrounding fluid. Thus thfere are pressure intensities at all points 
of the boundary of the volume S, and since this may be anj'where there 
is a pressure intensity at all points of the fluid. 

We know the direction of the pressure at points where the fluid 
is in contact with the vessel, but we now require to investigate the 
nature of the pressure intensity at points unthin the fluid. 

7. The pressure intensity at any point in a fluid at rest is the same 
in all directions 

Consider an imaginary prism drawn in the fluid of triangular section, 
sides a, b, c inches, the length of the prism being d inches (Fig. 5). 
The fluid contained by the prism is in equilibrium as a result of the 
pressure of the liquid outside the prism on the three rectangular faces 
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and two tnangular ends of the pnsm together with the n eight of the 
fluid in the pnsm \\ e may consider the pressure on each face to be 
equivalent to a single force Suppose that the base of the pnsm is 
in a horuontali plane, then resolving the forces honrontall^ along the 
avis of the pnsm the forces on the two ends are equal and opposite 
If weresoh e the remaining forces 
ID a plane at nght angles to the 
axis of the pnsm wo obtam 
valuable information concerning 
the average pressures over the 
rectangular faces Let p, 
p, rcpre«ent the average pres 
sures ov er these faces in lb wt 
per square inch and let the fluid 
weigh tf )b wt per cubic inch 
Then the total force exerted bj 
the fluid outside the pnsm over 
the face of sides a du Pyod lb wt , since the area of this face iv ad sq 
in Similarly, the total forces over the other faces are pM, and ;/rf 
and the weight of the fluid m the prum (M ) is je o ein a d tr These 
forces are shown m the sectional diagrom (Fig C) Besoh tng the<e 
forces hontontallr we have 

p^ad »in Q *= p,W sm ^ (i) 

and revolving vertical!) 
jijod cov a + pjM cos fl 4- \\ 

*= p^ (ii) 

From the gcometr) of the tn 
angle (Fig G) the perpendicular 
height =2 a sin a = i sin ^ and 
the side e = a cos a 4* b cos p 
V'lng the flrst relation mequa 
tion (i) we have 

and then equation (ii) becomes 
jijrf (fl cos a 4- b cos fi) + 

’ft 

p,<fc 4- |aoJic vm a = p/d 
Pi 4- Jaic f in a « p, 

11 e are interested in the preavore at a point m the fluid so we con 
sider what happens in the luniting case when the prum becomes smaller 
and smaller If the pnsm shnnhs to a line keeping a and fixed, 
then ai a tends to tero so also most |au>sma and consequenth our 
!a<t relation becomes in t! e limiting case Pi ■» Pj 
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Also 'w^hen the triangle reduces to a point the pressures pj, pji Pa which 
were average pressures become in the limiting case the pressure 
intensities at the point, so that our final result is 

Pi = p, = p3, 

and since a and may have any values we deduce that the pressure 
intensity in a fluid at rest is the same in all directions. 

8. Units 

We have already defined pressure as force or thrust per unit area, 
and in the cases we have considered we took 1 lb. wt. as the unit of 
force. We might equally well have expressed our pressure in poundals 
per square inch or per square foot or in dynes per square centimetre. 
Let us illustrate mth one or two examples. 

Example 1 . — If a ton of water is contained in a rectangular tank 
tvliose base is 4: ft. x 2/^, the whole thrust on the base 

— 1 ton wt. = 2240 lb. wt. 
and the area over which it is distributed = 8 sq. ft.; 

pressure intensity on base of tank = — 280 lb. wt. per sq. ft. 

= tfj = '"'t. per sq. in. 

Example 2 . — If the pressure of the steam inside a boiler is 140 lb. wt. 
per square inch, to find the thrust supported by the ends of the boiler, 
given that they are circular and 6 ft. in diameter. 

Here the area of either end = X (f sq. ft. = -f- sq. ft. 

= 2 8|iasq. in., 

and the pressure intensity = 140 lb. wt. per sq. in. ; 

thrust on either end = X 140 = 28512 x 20 

= 570240 lb. wt. = 254 y ton wt. 


Example 3 . — To express a pressure intensity of 15 lb. wt. per square 
inch in (i) ton wt. per square foot, (ii) poundals per square foot. 

(i) On 1 sq. in. the pressure produces a thrust of 15 lb. wt. 
Therefore, on 1 sq. ft. (= 144 sq. in.) the pressure produces a thrust 
of 15 X 144 lb. wt.; 

pressure intensity = 15 x 144 lb. wt. per sq. ft. 

15 X 144 ^ 

. = f 8 of a ton per square foot. 
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fn) Tolcin|{ tJic ttccoloration of gravity ii« 32 ft j>cr bcc iM*rBcc, 

] ]!> u(*tglit«.'J2iioun(!n1i; 

jirCMUrc intcnul) « 16 x Hi y 3? I>ouik 1«I') i '•r >ifjii«rc foot 
«-• C0I2O |*oun(Jftl« por wiiiarc foot 


Hziunplo 4^Toexprft$ a jiffiiuff fnUnil>fI/ flf iOOO oz vl prrzjuare 
fiMit in jxyitniii vmjht jiff i^inrf xnch 

On 1 nq ft ('^ 144 nq in ) thr ftrcAAtire r:>ctrtiN a forco ^ 1000 oz w t 
Thmfoif*, on 1 »q III the pnmtire ixcrt" ft forte 


1000 

144 


fiz «t 


_jm 

*~I44 X 1<* 


lb wt ; 


prosiiirr* iritcn>iity e- ■~O43l02S))) wt jurn/j in 

HI y 10 


Ilx&Diplo 6 . — 7o fiprt»$ a j>rt»»urt of 1 7’'''’ 

mrUt (j) in jnimwiri urtijht j>n * 7 w»ire frnJiwrtrr, (ii) in C W S il^Ttimtrnl 
unid 

On 1 "q rn( in (« UXf* aq cm ) tin* t>r< "'•nfi’ a force 
I iciloji 1000 grin Ht 

Therefore, on 1 aq ern the preaauro exert* ft fort e 

^ KX )0 wt - 01 grin wl 
iWi* *“ 

Hence pftflaiire jnienaiiy r- 0 1 grm wt peraq riii 

Tilt COS (lynntiitcfti nnil of pressure »* ft prp"*nri of 1 'l)ne 
jK-r square c« iiumetre 

Now the oecelerntion of gravity e=. 081 cin |»erK«c [Kratc, 
weight of a gramme •- Ofll il)nc*p 
gn en prrasiiro intensity 08l y 0 1 OM 1 clynes per sq cm 

9 TraiumkrlbUity of fluid presxuxo 

M hen any prewiiire k a}q>he<l to an^ part of the siirfnee of a fluid, 
nil Hjiinl ami timform j reasore is transmitted <*' er the whole fluid 

This principle is almi known as I*a«cnl s f *nil ve niny serif) 

It rxjM’fimenJnlly os follonii hupp'sse fluid is conloinrd in a closed 
\es»el to which there are attached a numler <»f tubes housing pstons 
to wbieb forces inaj l>e ap] lied (Fig 7), and »Mp)>oee t! nt fi r a jiosithm 
of rqtiilibriiim the forces requimi are F, 7t, H. T lb wt f)iip|>o*e nNo 
that the crcwis eerfjtinal areasof tie tulles Brel’ 6,r,f/sq in as imlicnteil 
on the diagram 
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Suppose that an additional pressure (p lb. wt. per sq. in.) is applied 
to piston A, ^.e. an additional force of pa lb. wt. ; then it will be found 
necessary to apply additional forces of pb, pc, pd lb. wt. to E, S and T 
respectively in order to maintain equilibrium, showing that the pressure ' 
against them has been increased by p lb. wt. sq. in. In other words, 
the additional pressure p applied to A has transmitted itself through 
the fluid to the other pistons. 

This experiment is difficult to set up and we may prove the principle 
by means of the Conservation of Energy. Suppose the piston A is 
pushed in a distance x in. by the force of F lb. wt., resulting in piston D 
being moved out a distance y in. against the force T lb. wt., pistons 
B and C being fixed in position meanwhile, so that the total volume 



remains unaltered. Since a fluid offers no resistance to changes of 
shape which do not alter its volume, no work is done on the fluid 
itself by moving the pistons A and D. Therefore the work done by P 


is equal to the work done against T, 

i.e. Fa; = Ty (i) 

Also, since no change in volume has taken place 

ax= dy (ii) 


Dividing (i) by (ii) 

F_ T 
a d 

F . . T . 

But -- is the pressure (in lb. wt. per sq. in.) on the piston A and ^ is 
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the pressure on the piston D Thus the pressures on these pistons are 
equal Similarh wc maj, pro\e that the pressures on the other pistons 
arc also equal 

10. The Bramah (or Hydrauhc) Breas 

This IS a practical application of the principle of traosmlssibiht^ 
of fluid pressure considered in the last section 

Essentially the Hydraulic Pre«s consists of a wide lertical c}Imder 
connected by a tube near its base to a narrow \crtical cylinder (Fig 8) 
Each cylinder has a piston fitted and the space below the pistons is 
filled with water The narrower piston (the pump plunger) is dnien 
downwards, giving rise to a movement upwards of the larger piston 
(the press plunger or ram) which maj compre-a material between 
itself and a fixed horizontal platform fitted above What at first 
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sight may appear surprising is that a tmall force on the pump plunger 
gives rise to a /arjer force on the preas plunger or ram Suppose that 
the cross sectional areas of the pistons arc o h sq in as indicated on 
the diagram so that h is greater than a Then a downward force of 

Q lb wt on the pump plunger gives a pressure of ^ lb wt per sq in 

which, b) 9 above, is transmitted through the liquid to the 
larger piston If M Ih wt w the compressive force wlich it exerts, 

then the pressure on the piston is lb set per sq in , and the pressure 
IS due to, and must be equal to, that of the ram 

a b' 

b ^ 


Thus 
3 that 


W = 
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Since b > a, W > Q, and the compressive force of W is greater than 
the applied force Q in the ratio of their cross-sectional areas. For 
instance, if the larger piston has four times the cross-section of the 

smaller piston, then b — ia, so that - = 4 and consequently W = 4Q, 

Of 

i.e. the compressive force is four times as large as the applied force. 
In practice it is convenient to apply the force Q by means of a lever as 
shown in the figure. Theoretically, hy arranging the ratio of the two 
pistons we may make a small force support a weight of any magnitude. 
This was known as the “ hydrostatic paradox,” but there is nothing 
paradoxical in it since the same fact applies to the lever and every 
other simple machine. 

A few numerical examples are now included. 


Example 1 . — If the pistons of a Bramah press are circular, and 
of diameters 1 in. and 2 ft. respectively, to find the force required to over- 
come a resistance of 9 ton wt. 

Here the areas of the circular pistons are respectively Jtt x 1* 
and X 24® sq. in. Also the thrust of the fluid on the larger piston 
is required to be 9 X 2240 lb. wt. 

Hence the pressure of the fluid is 

9 X 2240 ,, ^ 

— — lb. wt. per sq. m., 

1447r 


and since the area of the smaller piston is ^ sq. in., the force on it 
9 X 2240 X in 9 X 560 


must be 


14477 


144 


= 35 lb. wt. 


Example 2 . — If the areas of the two plungers are i sq. in. and lOsj. in., 
and the pump-plunger is tvorked hy a lever whose arms are 2 in. and 
28 in., to find the resistance that can be overcome by applying a force 
of 15 lb. to the end of the longer arm of the lever. 

Let Q be the resultant thrust on the plunger. For the equilibrium 
of the lever, we have, by taking moments about the- fulcrum, 

Q X 2 = 15 X 28; 

Q = 15 X 14 = 210 lb. wt. 

This force of 210 lb. wt. is distributed over the area of the small 
plunger, which is i sq. in. ; 

.•. pressure produced = 210 J = 210 X 4 = 840 lb. wt. per sq. in. 

This pressure is transmitted to the surface of the larger plunger, 
whose area is 10 sq. in.; 

.•. upward thrust on large plunger = 840 X 10 lb. wt. 

Hence the press can overcome a resistance of 8400 lb., that is, 
ton wt. 
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Example 3 — //, tn the lost emmjAe, the end of the Imr js raisrd 
at\d loitered through 1 ft at ertry stroLe, to fitul the nuHiier of tlrolet 
required to raise the press plunger through 1 in 

Since the arms of the le\ er are 28 m and 2 m respectiv elj , there 
fore, when the end of the longer arm is lowered through 1 ft, the 
pump plunger falls through ^4 ft , < e 5 

Hence the volume of water forced out of the pump c\ Imder 
J X * cub Hi = cub in 

Tins lolume is forced mto the press cjhnder, hence the press 
plunger rises at each stroke through — 10 in , 1 e through tIs m 

Hence the number of strokes required to raise it through 1 in is 

= ^* = 465 

Hence 46 cotn{ilele strokes must be made, and the Ie\cr must be 
pressed two thirds down m the 47th stroke 


Exercises I 

(I) If* gtllon of irater aeigh* 10 lb srul a nibir foot ariphs 1000 or , how 
many gallons are there in a coblo foot t 

(3) Compare (1 < find (ho mtto of) tho following piT«*urre — 

(1) 14 Ib wt ]rr wiiiare inch and fi ton wt per square jard 
(ii) 24 lb wt prr sqnare inch and 103 ton wt pec square foot 
(lu) SSgrm «t pcrsqiiarecrntioictreatul 10 I kilog wt (lor square metre 

(3) A piston 6 sq in in arra ii inwrtcd into one tlJo of a clowd cubical ccswl 
TDfMUiuig 10 ft each way, filled with water, the piston is prea'wl inwards 
with a force of 13 Ib wt Find the inermw of thrust pro<Iun<d on the 
SIX sides of the vessel 

(4) The neck and bottom ofa bottle are) in ancMin in diameter respectively 
If when the bottle Is full of water, the cork i« prewd In with a force 
of 1 lb , what force U exerted upon the bottom of the lAttlo I 

(d) A prism, «bow> beight is )0 mm an 1 whose base In an iwxceliw trisngle 
with sides ]0 ID, 12mm resprctjvely.b plarrtl Inaflui 1 wheretheareraes 
pressure (i 100 gnn *l 5>ec square centimetre • I md the thrusts on the 
respective faces, and the ntm* to them of il e weight of water required 
to fill the prum 

(6) If all the dimennoAs of the pn<m (ww the hiit question) be roluced 
to one-tenth of the above meafnreroents show that these ratios will be 
one tenth of their perrioui values lienee show that, if a frism 
be taken suficwntly smalt, the weight of the flai'l (n it can Is* negWtol 
in comparison w ith thrusts of the fluid on its fares 
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(7) In n liydmnlic press the pump-plunger is n cylinder 1 cm. in diameter, 
and makes a stroke 7 cm. long. The plunger of the press is 20 cm. in 
diameter. Calculate (a) the pressure in the press u’hcn a weight of 100 lb. 
is applied to the pump-plunger (ignoring friction); (6) the force acting 
on the press-plunger; (r) the number of strokes which tlio pump must 
make in order to raise the press-plunger 10 cm. 

(8) In the Bramah press the areas of the two cylinders are J sq. in. and 
5 sq. in., and the lengths of the anns of the lover by which it is worked 
arc 30 in. and IJ in. How much thrust is obtained by applying to the 
end of the longer arm a force of 15 lb. ! 

(9) In the Bramah press the areas of the two pistons are i sq. in. and 16 sq. in. 
respectively. If the lengths of the arms of the lover are in the ratio of 
20 : 1, what force must bo applied at the end of the lover in order to 
produce a thrust of 10,000 Ib. wf. ! 

(10) The pump plunger of a Bramah press has a diameter of 1 in. and is worked 
by a lever uith a velocity ratio of 10 : 1. The diameter of the ram is 
1 ft. and a force of 20 Ib. wt. is applied to the liandio of the lover. Find 
the force c-verted by the ram, if the ciBcioncy of the press is 70%. 

(11) Tlic cross-sectional area of the ram of a hydraulic press is n times that 
of its piston- If the resistances duo to friction are F and R lb. wt. at 
the piston and ram respectively, show that to raise a weight of W lb. 
on the ram it is necessary to apply a force to the piston of amount 
(W -f B + nF)/n lb. svt. 

(12) Express a pressure of 30 lb. wt. per square inch in Idlogrammes per square 
centimetre, given that 1 lb. = 453-0 grm., and 1 inch = 2-54 cm. 


ANSWERS 

1. 6i. 2. (i) 81 : 80; (ii) 1 : 9; (hi) 400 : 23. 

3. 172,800 lb. wt. 4. 64 lb. wt. 

5. 100 grm. wt., 100 grm. wt., 120 grm. wt,, 48 grm. wt., 0-0048, 0 0048, 

0-004, 0-01. 

7. (u) 127/j lb. wt, per sq. cm.; (6) 17^ ton wt.; (c) 5715, 

8. 14,400 lb. wt. 9. 12i Ib. w-t. 10. 9 ton wt. 

12. 2-11 kilog. per sq. cm. 



CHAPTER ir 

DE>SITr A^^> SPECIFIC GRATITr 

11. Mass and weight 

The distiQCtiOQ between and weight is 50 important in Hvdro- 
statical work that we propose to consider »t here, togethw with the 
potmd and poondal, although this more ptoperlr belongs to the etndj 
of Djnaiaics 

Matter is a fondamental coocepboo. We cannot define it satis- 
factonlj*, bnt we perceire it by oar sense of touch and throcih the 
effort required to prodace m it a suddeo change of motion. This 
latter property we term inertia The naeasme of the inertia of a 
body IS called its mass 

The iceiyM of a bode u the force with which the earth attracts 
it and consequently, as with anr other force, it has a dintfion 
associated with it The mass of a bode has so direction, it is simple 
a quantite A distinction is made between quantities such aa mass, 
temperatare and rolame (which have magmtnde bnt no direction), 
the«e are called tcalar qnivntrtie*, and measures such as force, Teloci*y 
and acceleration which hare direction as well as magnitade, the«e 
are called oertora Thus mass t» a scalar, bnt weight la a rector The 
nmt of weight we have used so far is the weight of a one pound ina», 
and this has been conrenient aLo as a nmt of forte It most be realised 
that a mass of one ponnd has a weight of one pound, because the earth 
attracts a one pound mass with a force of 1 Ib wt Ereiywtere la 
this book we shall distmgnish between nuts of mass and weight by 
writing lb for mass amts and lb wt. for weight amts Sinularlr in 
the C G.S ^tem we shall disb aguish gnn. from gnn. wt For th^ 
reason all the forces wr used in Chapter I are given in lb wt , ton wt , 
or gnn. wt 

There is an alteniatne method of measunng forces to the lb wt 
which IS fundamentally important The earth attracts a one pound 
mass with a slightly varying force accordu^ to its positioa on the earth 
Consequently 1 Ib wt is not constant at all parts of the earth, and an 
alternative measurement of force i> denved from Xewton’s Second 
Law of Motion- From this law it may be deduced (-ee Tuional 
Dipvimxa, p 80) that if a force acts on a bodv at te«t and produces 
an accelerabon, then the force is proportional to the mass of the bodv 
mnlbphed by the acceleration Suppose the bodv to have a masa of 
14 
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in lb. and tbe acceleration produced to be/ ft. per sec. per sec., then if 
F (in unspecified units as yet) is the force, we have 

P cc mf, 
or F = knif, 

where k is the constant of proportionality. Since the unit of force is 
unspecified we may choose it to make k= and then we may write 
F units of force = mf, 

where m is in poimds and / in ft. per sec. per sec. Thus, when m is 
one pound and/ is 1 ft. per sec. per sec. we have defined this new unit 
of force, i.e. 

1 unit of force gives a mass of 1 lb., an acceleration of 1 ft./sec.^. 
If is this unit which is called a poundal, and since it does not depend 
on the slightly variable acceleration due to gravity it is termed an 
absolute unit whereas 1 lb. wt. is termed a gravitational unit of force. 
Since, however, both tbe poundal and the lb. wt. are units of force 
we may easily determine the relation between them. Assuming that 
at a certain place on the earth, g (the acceleration due to gravity) 
has the value 32 ft. per sec. per sec., then 

1 lb. wt. gives a mass of 1 lb. an acceleration of 32 ft. per sec. per sec., 

but 1 poundal gives a mass of 1 lb. an acceleration of 1 ft. per sec. per sec. 
and consequently we require 

32 poundals to give a mass of 1 lb. an acceleration of 32 ft. per sec. per sec., 
so that 32 poundals are equivalent to 1 lb. wt. at the particular place 
on the earth where jr = 32 ft./sec.^. At any other place, whatever is 
the numerical value of g, we shall have 

g pisnadals equivalent to I lb > wt. 

In C.G.S. units the dyne is the unit of force which corresponds to 
the poundal, and assuming g to be 981 cm./sec.^ we have 

1 grm. wt. gives a niass of 1 grm. an acceleration of 981 cm. per 
sec. per sec.; 

but Idyne gives a mass of 1 grm. an acceleration of 1 cm. per sec. per sec., 
so that 

981 dynes give a mass of 1 grm. an acceleration of 981 cm. per sec. 
per sec., 

i.e. 981 dynes are equivalent to 1 grm. wt. 

12. Densily 

The density of a substance is the mass of a unit volume. Thus 
it may be expressed in lb. per cubic foot, lb. per cubic inch, grammes 
per cubic centimetre and so on. 
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Fox exatQple, a cubic foot of pure 'water at 4° C ■weighs very nearly 
1000 ounces consequently 1 cub ft ofpure wsterhas amassof lOOOoz , 
t e the density of pure water = 1000 oz per cub ft 

= 62 5 Ib per cub ft 

(In factj 62 3 lb per cub ft u a more accurate value but 62 5, 
t e ^xg-, IS a more convenient arithmetic approximation ) 

In the C 6 S system one gramme is defined as the weight of one 
cubic centimetre of pure water at 4“ C , so that the density of pure 
water = 1 grm per cub cm It is customary to denote tbe magnitude 
of the density of a substance by the Greek letter rho (p) 

It is clear that if we have a body whose volume is V cub ft and 
whose density is p lb per cub ft , then its mass (m) in pounds is given bj 
m = Vp 

Example —To find the density of lead, havinij gtten that a sphencal 
bullet of lead 2 cm in diameter, teetghs ^ 7 grm 
The bullet u a ephete whose radius ss l cm 
Hence its volume » | x V x (1)* “ 

Also the mass of the bullet s 45 7 grm 
density of lead s=45 7x || = 1C)9 grm per cub cm 

13 Specific gravity 

The specific gravity of a substance is the ratio of the weight of any 
volume of that substance to the weight of an equal volume of the 
standard substance 

The standard substance generally taken is pure water at a tern 
perature of 4° C , and since a specific gravity is the ratio of one weight 
divided by another weight it js a pure number le it has no dimensions 
For example if we find that a cubic foot of sea water weighs 64 Ib 
we may find its specific gravity, remembering that a cubic foot of pure 
water weighs 62 5 lb 

Thus, from the definition above, 

64 

specific gravity of sea water = — 1 024 

The abbreviation for specific gravity is sp gr 

Again, the specific gravity of mercury is about 13 6 This implies 
that a cubic foot of mercury weighs 13 6 times as much as a cubic 
" ot of pure water, i e it weighs 

136X 1000 oz, 
or 8501b 
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lYe nia}' easilj’ establish the relation between the density and 
specific g^a^•ity of a substance as follows; — 

<• I , weight of any volume of substance 

The sp. gr. oi a substance = — ^ ^ r 

weight of egual volume of water 

(bj' definition) 

_ mass of an}' volume of substance 
mass of equal volume of water 

mass of unit volume of substance 

mass of unit volume of water 
density of substance 
density of water 

and consequently 

density of substance = sp. gr. of substance x density of water. 

Notice also, that from the definition of specific gravity, the weight of 
any volume of substance = sp. gr. of substance x weight of equal 
volume of water, and this may conveniently be put in symbols. If a 
volume V cub. ft. of a substance of specific gravity’ s weighs W Ib., 
and if the weight per unit volume of the standard substance (water) is 
w, then the weight of V cub. ft. of water is Via and the above 
relation becomes 

W = sVw. 

In the C.G.S. system the gramme is chosen so that the density of 

pure water at 4:° C. is 1 grm. per cub. cm., and then we have 

. , density of substance 

sp.CT. of substanc6 = — ; — » 

^ ^ 1 grm. per c.cm. 

and thus the specific gravity of a substance is the same as the numerical 

value of its density in C.G.S. units. 


Example 1. — T/ie density of a piece of crystal is 155-75 lb. per 
cubic foot. What is its specific gravity ? 

■Weight of a cubic foot of the crystal = 155-75 lb. 

Weight of a cubic foot of water = 62-5 lb. ; 

weight of substance 

. . fepeci c gravit} Qf equal volume of water 


155-75 

62-5 


2-492. 


Example 2 . — To find in ounces the weight of a cubic inch of lead 
taking the specific gravity of lead, to be 11-4. 

Weight of a' cubic foot of water = 1000 oz. ; 


HYD. 
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weight of a cubic inch of water (i e of i j'j t cub ft ) = i ; g s oz 
But a cubic inch of lead weighs 11 4 tunes as much , 

weight of a cubic inch of lead = ^ = 6 59 oz approx 

Example 3 — Ifaeubicfootoficatericeigks 6251b , what ts the Height 
of 1 cub in of gold, the specific gravity of gold being 19 25 ^ 

Using the notation of the last paragraph, 

t{) = 62 5 lb wt , a = 19 25 and V = I cub in or y^ 2 s ft • 
W»= 19 25 X -As X 6251b wt 
= 0 696 lb wt 

14 Specific gravity of mixtures 

If given volumes of ingredients of known specific gravitj are mixed 
we may calculate their separate weights and hence, knowing the total 
weight and the total volume, we may calculate the specific gravity 
of the mixture 

Example 1 — To find the specific gravity of a mixture of 2 cub ft 
of fresh water and 3 cub ft of sea water, having given that the specific 
gravity of sea-water ts 1 026 

Here 2 cub ft of fresh water weigh 2000 02 and 3 cub ft, of 
sea water weigh 3 x 1 026 x 1000 02 = 3078 02 
Hence the weight of the mixture » 5078 oz 

Also the volume of the mixture = 5 cub ft 

the weight of an equal volume of water = 6 X 1000 oz , 
the specific gravity of the mixture « loJo ^ 0156 
It IS not really necessary to know the actual volumes of the com 
ponents, provided that their relative proportions are known In 
this case, we may proceed as in the following examples, which may 
be taken as types 

■faaaffll? J? — ,ihr gruwy' j> .waUiv ^ piail* 

[by volume) alcohol, 2 parts water, and I part glycerine given that the 
specific gravity of alcohol ts 0 794, and that of glycerine w 1 26 
Let w be the weight of 1 part of wato 

Then * the weight of 3 parts of alcohol = 3 X 0 794«; 

= 2 382ir 

Also the weight of 2 parts of water = 2w 

Abo the weight of I part of glycenne’= 1 26w, 
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tlie weight of 6 parts of the mixture = 5 ' 642 !p. 
But the weight of an equal volume of water = 6?p; 


specific gravity of mixture = 


5 - 6 i 2 

6 


0-940i 


Example 3 . — Aii amalgam is formed hy mixing 3 volumes of polassittm 
tciih 7 of mercury, the volume of the amalgam being four-fifths of that 
of its constituents. Find its specific gravity, being given that specific 
gravities of mercury and potassium are 13-596 and 0-860 respectively. 


Let to be the weight of 1 volume of water. 

Then weight of potassium = 3to X 0-860, 

weight of mercury = 7io X 13-596. 

Volume of mercury and potassium = 3 vols. -f 7 vols. = 10 vols., 
and volume of amalgam = four-fifths of this = 8 vols. ; 

.'. weight of equal volume of water = Sto; 

weight of amalgam 


specific gratdty = 


weight of equal volume of water 
3to X 0-860 7w X 13-596 


8 to 


= 12-219. 


(o) Mixture by Volume . — We may generalise the foregoing. If 
volumes Vj, V2, Vj, . . . of fluids of specific gravities Sj, s^, S3, .. . 
are mixed together and the resulting volume U has a specific gravity 
S, then the weight of the mixture is 

SUtP, 

where w is the weight per unit volume of the standard substance; 
and this total weight of the mixture must be equal to the sum of the 
constituent weights, i.e. 

SiYpv -b SjVjW -b S3V3W -b . . . . 

Thus SUtP = SjVpc -b S3V3W -b SgVgTO -f . . . 

or S = (^iVi -b + *3^3 + • • -l/U- 

If there is no contraction or expansion on mixing, then 

U = Vi -b Vo -b V3 -b . . . and we have 

a _ ®l^l + *2^2 + * 3^3 + ■ • - 

° Yj -p V« -b V3 -b . . . ' 

(6) Mixture by Weight.— li weights Wj, Wj, W3, . . . of the fluids 
of specific gravity s^, s^, S3 .. . are mixed together and the resulting 
mixture has a volume U and specific gravity S; then as before the 
weight of the mixture is 

SUw, 

where w is the weight per unit volume of the standard substance. 
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Since the total iv eight is the sum of the weights of the constituents 
SUw = Wj + Wj + Wa + 

80 that S = (\\\ + Wj + Ti'j + )fUw 

If there is no contraction or expansion on mixing then U, the 
final volume, is the sum of the volumes of the constituents, and these 

W, W, 


60 that 
and then 




w, + w, + w. + 


We maj convemently express the results we ha^ e obtained in the 
stgma (2^) notation, where we write 

rW, for Wj + Wj + Wj + 

the 2'Wr simply indicating the eum of all expressions such as Wj, W* 
etc Similarly we maj write 

SiSrVf) for s,V, + + »,V, + 

and 60 for the mixture by \oluine we have 

S = 0 X {SfV,) where the final volume is U, 

or S = — if there is no change m volume 

A ' r 

Again, for the mixture b> weight 




if there is no change m volume 


Example 1. — To find the wetghit of copper (spccijfe grauty 8 8) 
and nne {tpeafic gracily 7) »n I /6 of bnua {tpeafic yranty 8) 

Xet the weight ol copper he * To 
Then the weight of zmc is I — r lb 

Thus the volume of copper is cub ft where le is the weight m 

1 ~ X 

lb per cubic foot of the standard (water) Abo the volume of «nc is — — 
and the combined \ olume of bra«s is 

Ste 
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Since we assume that there is no change in volume 
Vol. copper + vol. zinc = vol. brass, 

X , 1 — * _ 1 

8'8u’ Ito 8iv 

n 10 0/1 1 7 x 8-8 

or + 8-8 (1 — k) = — — — 


= 7-7; 

8-8 - 7-7 = 8-8a; - 7x 
or l-8a: = 1-1, 

i.e. lb. wt. 

Thus in 1 lb. brass there is xi lb. of copper and j-g lb. of zinc. 


Example 2. — A mixture has to be made by taking tn parts by weight 
of one substance and n parts by weight of another. Instead of this, m 
parts by volume of the first and n parts by volume of the second are taken. 
Show that the specific gravity of the mixture is greater than if the proper 
proportions were taken. 


Let the specific gravities of the two substances be and Sj and let 
S,„, S„ be the specific gravities of the mixtures when taken correctly 
by weight, and incorrectly by volume respectively. 

Suppose the weights of the ingredients which should be taken are 
m lb. of the substance with specific gravity Sj, and n lb. of the substance 
with specific gravity Sj. Then 

c, m + n 


Sujipose, also, that the volumes of the ingredients which are actually 
taken are 7n cub. ft. and n cub. ft. 


Then 

It is required to show that 


7BSj + ns, 

m -j- n 


S„>S 




i.e. that 

i.e. that 


niSj -4- ns, 
m + n 


m + n 

tn n 

T + r 


S So 

-j- mil- + win— 
s, 


-h ir > wr + 2mn + n- by cross-multipl 3 'ing. 
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t e that *^ - ~^** > 2, 

t c that «i + <1 > 2 sj6j, 

t c that 5® — > 0, 

which it IS, because the left hand aide la — <j)* which is always a 
positive quantity and therefore greater than zero Hence S* > S„ 


Exercises 11 

(1) If the ramfaU is 1 in , how many tons of water fall on an acre 1 

(2) A tank weighs I ton empty and 2 50 ton when filled with pure water. 
If the tank weighs 2 95 ton when filled with oil, find the specific gravity 
of the oil 

(31 The weight of a lorty and empty milk container (capacity 4 cubic yards) 
IS 3 ton When filled with milk, the loriy and container weighs 6 10 ton 
Find the epeeiflc gravity of the milk 

(4) If 6 cub in of mernity weigh 2 45 lb and 2 cub in of east iron weigh 
0 52 lb , what ratio does the density of mercury boar to that of cast iron 7 

(6) The density of oast iron in the C G S system of units is 7 2 What is 
its density m the foot pound system of units 7 

(fi) The outer radius of a spherical leaden bullet containing a spherical canty 
u R, and its weight is W It <o i« the weight of a unit volume of lead, 
show that the radius of the canty 



(7) A body has a valume of 54 cub ft and specific gravity of 1 1 A second 
body has a volume of } cub ft and specific gravity 4 95 What is the 
ratio of the mass of the first body to that of the second 7 

(8) Find the specific gravity of a mixture of 2000 oz of fresh water with 
3000 oz of sea water (sp gr sea water la 1 026} 

(9) Find the specific gravity of a mixture of 3 parts by weight of alcohol 

^ gr 1 irttAn by ww^A efi •wat'w wA k ywA by •K'uijV. 

glycerine (ap gr I 26) 

(10) A ni^et of gold mixed with quartz weighs 13 oz . and has a specific 
gravity of 6 4, given that the specifie gravity of gold is 19 35, and of 
quartz is 2 15, find (to one place of decunaU) the quantity of gold in the 
nugget 

(11) Fonr pints of alcohol, baniig a specific gravity of 0 75, are mixed with 
one pint of water (specific gravity 1) Fmd the specific gravity of the 
nuzture, no change of volame being supposed to take place 
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(12) Tliree equal vessels A, B, C are half-full of liquids, densities' d,, dj, dj, 
respectivel3’. If now B is filled up from A and then C from B, find the 
density of the liquid now contained in C, the liquids being supposed to 
mix completely. 

(13) A substance whose specific gravity is 0-7 is dissolved in 10 times its own 
weight of water, and the specific gravity of the solution is 1-01. Find 
bj' how much the total volume is reduced, 

(14) If a volume Vj of a liquid whose specific gravity is Sj be mixed with a 
volume i>2 of a liquid whose specific gravity is Sj, and the specific gravity’ 
of the mixture is s, find the change in volume. 

(16) Two liquids A and B have densities in the ratio of 4 : 5. When certain 
volumes are mixed, the volume of the mixture is found to bo one-eighteenth 
part less than the sum of the separate volumes, and the density of the 
mixture is to that of A as 9 : S. Find the ratio of the volume of A to 
the volume of B. 


ANSIVERS 

1. 101-28. 2. 1-3. 3. 1-029. 

4. 49 -.20, or 1-88 : 1. 5. 450. 7. 90 : 1. 

8. 1-0154. 9. 0-913. 10. 8-90. 

11. 0-8. 12. (rf, + (f. -f 2d,)l4. 

13. 4-703% of the original volume. 

14. {I'l («! - a) -f t-5 (sj - s))/a. 


15. 3 : 1. 



CHAPTER III 

PRESSURE OF HEAVY FLUIDS (1) 

PRESSURP IKTENSITV IN FLUIDS 

15 U^ual pressure intensity at all points m a horizontal plane 
In a fluid at rest under gravity, the pressure intensitj at all points 
in the same honzontal plane is the same 

This 13 the first of a number of easily established theorems on the 
pressure intensities at points within a fiiud at rest due to the weight 
of the fluid 

Let A and B be tivo points in a fluid in the same horizontal plane 
(Fig <)) 



Jom AB and imagine a cylinder constructed m the fluid with AB 
as axis, of cross sectional area a sq in Then the equilibrium of this 
cylinder of fluid depends on four forces — 

(1) The weight of the fluid in the cylinder, acting \ertically 
downwards 

(2) The force exerted on the cylinder of fluid by the external fluid 
oar/m. +Jin, 'Vir.'vd. ‘uu/aca, nf. ♦hit 'ujPindKv Tlhia- ’wll. ej/m^where. 
normal to the cuned surface and consequently m the vertical plane 

(3) The force F Ib wt exerted on the fluid in the cylinder across 
the end at A 

(4) A similar force N lb wt across the end at B 
Consequently if we resolve all the forces honzontallj we has e only 

to consider the last two and ne hase 
F=Jf 
24 
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r 


Thus the average pressure over the end at A is - lb. wt. per sq. in., 

0 / 

/N \ 

and this is equal to the average pressure \ ~ lb. wt. per sq. in. \ over 
the end at B. 

If we now imagine the cylinder to shrink, both F (or N) and a 
diminish, and we have 

F 

limiting value, as a tends to zero, of - 


limiting value, as a tends to zero, of — , 


F N 

or lim — = lim — 

a J-o** a >-o* 

as it is written in mathematical work 

(or alternatively, -) . 

' (I d J 


Now this limiting value was defined as the pressure intensity of 
the point (§ 6) thus 

pressure intensity at A = pressure intensity at B. 

We have shown, so far, that the pressure intensities at points in 
the same horizontal line are equal, but since the pressure intensity 
at any point in a fluid is the same in all directions (§ 7) we deduce 
that the pressure intensities at all points in the same horizontal plane 
are equal. 

A homogeneous fluid is defined as one in which, if any equal volumes 
are taken, the masses of these equal volumes are equal, i.e. the density 
is everjwzhere constant. 

The theorem we have just proved is true whether the fluid is 
homogeneous or not, since the density was not involved. 


16. In homogeneous fluid at rest under gravity the difference in pressure 
intensity of any two points is proportional to the difference in 
their depths 

Let A and B be two points in the same vertical line and suppose 
that a cylinder is constructed about AB as axis, having a cross-sectional 
area of a sq. in. (Fig. 10). Let p^, p,, be the pressure intensities 
in lb. wt. per sq. in. at A and B respectivelj', and suppose that 
the fluid has a density of p lb. per cub. in. 

Consider the equilibrium of the cylinder of fluid; it is acted upon 
by the following forces; — 

(11 Its weight, W lb. wt. 
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(2) The force due to the external fluid on the end at A, this is 
lb wt 

(3) The force due to tlie external fluid on the end at B, this is 
p^a Ib wt 

(4) The force due to external fluid on the curved surface of the 
cylinder This acts in the honxontal plane 

If we resolve all the forces vertically we shall have a relation 
between the first three of those enumerated above — tbe fourth will 
not here concern us 

Thus (Fig 11), 

ji^a + W = jufl 






li 




3 ^ 


But if AB « in , then the volume of the cylinder is 20 cub in 
and consequently its mass is pza lb Thus its weight is pza lb wt , 
and the relation above becomes 

PjjO = Pa® + 

or Pb — Pa — P* 

or Pb~Pa^ *. 

and since z is the difference in depth of the two points A and B, the 
theorem is proved for the case where the points are in the same vertical 
line, and we may extend this result to the case where the two points 
are not in the same vertical 

Consider Fig 12 If N is the point vertically below A and in the 
same honrontal as B, then by the Iwt theorem, using the same notation, 
but with z = AN 

Pn-Pa = P* 
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But from § 15, = p^, because the pressure intensity at points 

in the same horizontal line is the same. TKus" 

‘ ?J3 -i>r=p2 

as before. 

Now suppose the horizontal through B does not lie wholly in the 
fluid (Fig. 13), but suppose we may draw a horizontal line NM where 
N and M are on the verticals through A and B respectively. 

Then, with notation as before, it is clear that 


7>n-?a = P-AN (i) 

Ps=Pm &)■ 

?sr — (iii) 

Subtracting (iii) from (i) 


Ps - Pa — Pm +Pb = P-^'^ — p-BM; 



Fig. 12. Fig. 13. 


Using (ii) Pb — Pa = P — BM) 

= pX difference in depths of A and B. 
Even this does not exhaust all the possibilities, but we may always 
proceed by a series of steps when the same result will be found valid. 
Consider Fig. 14, and the steps that have been drawn. The proof 
in this case is similar to the last, the relations are clearly 


7)n-3’a = P-AN (i) 

Pn = J»M ■ (ii) 

J>.M -Fn = P-I‘M (iii) 

Ph^Pa (i'O 

Fs-Ft = P-TS (v) 

and Pt^Pb (^i) 

Add (iii) to (v). 


Pm — Pi, + p5~~ Pt~ P (hM + TS). 
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Relation (iv) enables us to cancel — mth + Pjj then, using (ii) 
and (vi) this becomes 

Ts ~ Pb^ P "b '^S) 



Subtracting this from (i) 

Vs -Pa- Ps+ Pb^P (AN - LM - TS), 
oc Pb— jIj 4 =a p(Ab» — LM — TS) 

ss p X dilTcrence m depths of A and B 

17. To find the pressure intensity at any depth of a heavy homogeneous 
liquid 

In the last section vre showed that the diffeience of pressure 
intensity of two points was proportional to the difference in their 
depths, and we may use that result to determine the actual pressure 
intensity at anj given depth Using the notation of the last section 
but taking A in the surface and as before AB = z, we have 
Pb — pressure intensity at surface ■= pz 

Now the pressure intensity at the surface ta not zero as might be 
imagmed liie earth’s atmosphere produces a pressure, known as 
atmosphene pressure^ which acts on all surfaces and consequently 
on the free surface of s hqmd This atmospheric pressure lanes 
continuously, but it is of the order of 14 7 lb wt per sq m We shall 
discuss expenmental methods of determining atmospheric pressure 
m Chapter X 

This atmospheric pressure 5 then the pressure intensity at the 
surface of the liquid — we shall denote it by P Ib wt per sq in — ^wben 
the last equation becomes 

Pb — P = P* 

or Pb — ^ + P'' 
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Exam ple 2 — At ichal dejah in the «£W {spenjie yran/y 1-024) m 
the pressure tntensity doubte the almosphene j?re*mrp (14 7 15 irt per 
*7 in ) ^ 

Let the depth he 1 ft , then 


pteisore intensity at depth of I ft = 14 7 lb va fi 

This IS twice atmospheric pressure irhea 
pZ = H 7 Ib wf /sq in 

Bnt p (the densitr of sea water) = 1-024 x 62 o lb per cnb ft 
pZ 5= 1-024 X 62 5 X Z lb per sq ft 
2-024 X 625 X 

^ 144 *“ “ 


Thus 


1-024 X 62 5 X Z 
144 


« 147 


giving Z =s 33 7o ft 


Example 5 —A nrked'Up hotfZe w iCTfmd (o o depth t>f 2S fi in 
ifoter and the <ori ts ft in dusmeier What i# the forte tendxw} 
to drxee the eorl in * 

The pressure intensity at depth of 23 ft s® 2*^ 000 os. wt pereq ft 
Also the dnmeter of the eoil ^ ft 

its area » x (»i)* «q ft 
and the force on the cork 

— X 3 */ X ^ X 2^000 os. wt =a ’?I*or trt « 85f| ox wt, 

= 6 lb 6}| oz wt 


18 The ftee surface of a heavy hqmd at rest is honzantal 

Let ir and N be two points in a horizontal plane in a liquid rerticaUy 
below any points A and B in tbe surface aud let p^ and p^ be the 
pressure intensities at M and Js respectively (Rg 16) 

Then from § 15 — Pn 

and from § 17 Pk ~ E "h P 

and P\ = P + P S'* 

Thus P + pA3l = P+pBN 

te AH = B% 


and so AB is parallel to ITS 

AB is honzontal 

But A and B were any two points in the surface therefore the surface 
13 honzontaL 
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19. The surface of a liquid at rest rises everywhere to the same level 

It is important to notice that we did not assume this in § 16. There, 
we were concerned with the difference in pressure intensity at points 
in a liquid, and we showed that this difference was proportional to the 
vertical distance between one point and a horizontal hne through the 
other point. Consequently this did not assume what we are now 
considering; namely, that the surface of a 
liquid at rest rises everywhere to the same 
level. 

Experimental Illustration . — This property 
maj' be verified experimentally by construct- 
ing an apparatus such as that shown in 
Fig. 17, in which several open vessels of 
different shapes and sizes D, E, F com- 
municate freely with one another. If water 
or any other liquid be poured into one of 
them, it will rise to the same level in 
them all. 

The proof of § 18 holds when the liquid is contained in two or 
more communicating vessels such as D, E. In this case all the free 
surfaces are at the same level, and form part of one and the same 
horizontal plane. If the liquid is contained in a vessel such as that 
shown at F the proof fails, for we cannot construct a vertical column 
whose base is at a point R of the bottom without passing out of the liquid . 

But we can always connect any point R with the surface by means 




of a zigzag of alternately vertical and horizontal straight lines CH, 
HK, KR, and can find the difference between the pressure intensities 
at any two points on this zigzag as we did in § 16. 

Thus, since CH is vertical, vre have 

pressure intensity at H = p x CH (i) 

where p is the weight of unit volume of liquid. 
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Since KH is horizontal, 

pressure intensity at K — pressure inten«it> at II = 0 ^ii) 

Since KR is ^crtlcal, 

pressure intensity at R — pressure intensity at K = p X KR (iii) 
Therefore, h> adding (i) (ii), (m), 

pressure intensity at R = p x (CH + KB) 

“ p X depth of B Lelow surface 

We niaj non show that the lujuid tti the xcssel F reaches the "ame 
level as in D For, if R is on the same level as P, the pressures at R 
P ate equal, and therefore the depth of R helow the surface at C » 
equal to that of P helov: the surface at X Hence AC is honzonlal 

20 To find the pressure intensify at any depth m a liquid which has 
other liquids superimposed without mmng 
IVe may adopt an exactly similar method to § 16 h} examining 
the eqmlihrium of a column of liquid Suppose we have three 
liquids of densities pj pj ps lb per cub in 
as shown in Fig 18 Considet the f quilibnuiu 
of a vertical cjlmdet of liquid (AB), of cross 
sectional area a sq in As before b} resolving 
all the forces vertical)) we have 

PnO « Pa + W (i) 

where Pi, is the pressure inten’*it) at B in 
lb wt pet «q J» P IS the atmospheno 
pressure also m 11) wt per sq in and W 
13 the total weight of the cylinder of liquid 
in lb wt If the thicknesses of the top two 
layers of liquid are Xj and Tf in and if the 
point B IS 2 in below the surface of the lowest liquid, then 
W’ «= OXjp, + OJTfPs 4- o*p, (ii) 

since the volume of that part of the cylinder in the uppermost liquid 
IS oTj cub in and consequently its mass is or, ft lb , and thus its weight 
is oIjPj lb wt , and einvilarlj for the remaining parts of the 
cylinder 

Substituting the result of (n) in (i> we hav e 

p^a = Pfl + a (xift + a-jpa + zp,) 
or Pu = r 4- x,p, + Xjp, 4- 2ft 

giving the pressure intensify at the point B 

If we have any number of liquids of densities ft, Pj pj lb per 
cub in , and if theu respective thicknesses are Xj t. Xj in , then 


Pa 

Aj_ 










'°J-— /o|,a--4 
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the pressure intensity at the lowest point (B) of the lowest liquid is 
clearly given by 

7*0 = 1 * + rPr- 


21. To find the pressure intensity at any depth of a heavy liquid which 
is not homogeneous 

This is a very simple and instructive extension of the last section 
for those students who have a little knowledge of the Calculus, if we 
know how the density varies with the depth. Consider a vertical 
cylinder of liquid, cross-sectional area a sq. in., and suppose we examine 
the equilibrium of a small element of this cylinder (Fig. 19) of thickness 
Sz and at a depth of z in. 

Let p lb. wt. per sq. in. be the pressure intensity at the depth z 
and p Sp the pressure intensity at the depth z -{- Sz. The weight 
of the element is p.a Sz, and consequently by resolving the forces 
vertically as before, we have 

(p -f Sp) a = pa -f paSz, 
or Sp — pSz; 

Sp 

Fz ~ 

and thus in the limiting case 

dp 


= P> 



Iz = P’ 

so that 

p = J pdz + a constant. 

The constant is the value of the pressure 

intensity when z = 0, i.e. at the free surface, and this is P, the 
atmospheric pressure. 

Thus, p = P + / pdz, 

where the integration extends from zero up to the' value of z at which 
the pressure intensity is required. 

Example 1. — To determine the pressure intensity at a depth o/l //. in 
a liquid whose density at a point z in. bcloio its surface is Jz lb. per cub. in. 

From the above, if p is the pressure intensity required in lb. wt. 
per sq. in., then * 

p = P + 


I.e. 


fl2 

pdz 

J 0 
fl2 

+ 

J 0 


= P + 


[i 


-2112 


1 

Jo 




ISTKi;. «Yb, 
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and taking P as 14 7 Ui P«r sq in 

75 = (14 7 + 18) lb wt per sq in 
= 32 7 lb wt per sq in 

22 If two heavy homogeneous hquids do not mix, their common 
surface is a horizontal plane 

Let M N be two points in a horizontal line m the lower liquid, 
vertically below points A, B in the surface respectively and C, D in 
the common surface respectively (Fig 20) 

Then from § 15, 

pressure intensity at M = pressure intensity at N 
1 e (from § 20 ) 

P + Pi AC 4 - p, CM « p + p, BD -f p, DN 
Putting CM *= AM - AC and DN =» BN - BD this is 


A B 



-_--r 

— 

4 C 

— 

D 

-Z-ZM 



N — 

Fig 20 


Pi AC -f pj (AM — AC) =3 Pi BD 4 (BN — BD) 

* ® (pj — P2) AC 4 pj am =a (p, fi) BD 4 Ps BN ( 1 ) 
Now MN IS honiontal (given) and AB « horizontal (§ 18) 

AM = BN 

(0 becomes (pj — pj) AC = (p, — p*) BD 
Either p^ = p, or AC = BD 

Since the liquids have different densities pi n not equal to pi 
AC= BD 

CD IS parallel to AB 
CD IS horizontal 


1 — A glass lube of untfirm bore and open at both ends 
t» 6 en( ttifo tfte/ornv 0/ o Ittttr B (JLnoim os o B tube) and contains pure 
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water. Into one branch a liquid 
of specific gravity s is poured until 
there is a length 1 ft., while into the 
other branch a liquid of specific 
gravity S is poured until the levels 
of the two liquids in the two branches 
are the same. To find the length 
(L ft.) of liquid in the second branch. 

Consider Fig. 21 and let A be 
a point in the common surface of 
the water and liquid of specific 
gravity S. Then if B is any point 
in the same horizontal as A, but 
in the other branch of the tube; 

pressure intensity at A = 

pressure intensity at B. 

The pressure intensity at 



due to the liquid alone, is 


A, 

L X S X 621 lb. wt./sq. ft., 


and at B it is 


I X s X 621 + (L — /) X 1 X 621 lb. u-t./sq. ft.; 
LS = ls + {L-l); 

Z(l-s) = L(l-S); 


L = 


1 -s 
1-S 


/ft. 


^ Bxample 2 . — A narrow circular tube of uniform cross-section is 
made in the form of a semicircle which is mounted in a vertical plane, 
the open ends being uppermost. The tube contains columns of two liquids 
ichich do not mix, the density of one being twice that of the other. If the 
denser liquid subtends an angle of 90° at the centre, and the other an angle 
of 45°, find the angle which the radixts through the common surface maka 

with the vertical. 


o 



Fig. 22. 


Let the density of one liquid 
be p lb. per cub. ft. and then the 
density of the other liquid is 2/j 
lb. per cub. ft. Consider Fig. 22. 

Let AB, BC repre.scnt the 
columns of liquids of densities 
2p, p rc.spcctively, and let D be 
the lowest point of the semicircle. 
Join D to the centre of the circle 
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(0) and draw perpendiculars from A, B, C on to OD in L, M, N 
respectively Let G be the angle required, te, the /.BOD Write 
LD = x, lMD = y, KD = 2 The pressure intensity at D due to the 
liquid AD IS 2p LD or 2pr Also the pressure intensity at D due to 
the liquids BG and BD is 

2p MD + /> NM 
= 2py + p (2 — y) 

Since these pressure intensities are equal, 

2pa; = 2py + p (e — tj), 
or 2x~2y +z — y, 

or 2a:=y+i (0 

From the geometry of the figure, if r is the radius of the circle 
*=LD=OD-OL 
s= r — r cos (90 — 6) 

= r — r sm 

and y »= MD =» OD - 051 

=s r — r cos G 

and 2 = ND s= OD - ON 

=a r — r cos (45 + ^) 

Subatituting these values of x, y and z in (i) 

2r — 2/ sin ^ r — f cos G + r ~ r coa {i5 + G), 

2 siu G — cos G cos (45 + 

s cos G cos 45 — sm 6 sm 45 

as -L (cos G,— Bin 6) 

■\JZ 

Bin 6 — cos G = cos G — an G^ 
te sin 0(1 + 2^2) — cos ^(1 + -v/2), 

so that G— 32® 13 


Exercises m 

(1) A long glass tobo of 1 m diameter has a disc weighing 2 oz placed at 
one end How far under water must the end of the tube, with the disc 
below it, be mmereed ui order tint the disc may cot (all off 

(2) Determine the greatest depth m fathoms at which a submarme direr 
can Work in sea water, rappoamg he can bear a pressure of 6 atmospheres, 
takug an atmosphere to be a piesauie of 16 Ib per sq in (I cub ft 
of sea water weighs 64 lb ) 
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(3) A hole G in. square is made in a ship’s bottom 20 ft. below the water-line. 
What force must be exerted in order to keep the water out, by holding 
a piece of wood against the hole, if a cubic foot of water weighs 64 lb. ? 

(4) Find the pressure at a given depth {z) in a liquid whose specific gravity is 
s, and whoso surface is subject to a given pressure P. 

(5) Show that the effect of an external pressure of 13| lb. wt. per sq. in. 
may be allowed for when the liquid is water, by supposing a layer of 
water, 32 ft. thick, to bo superposed on the original liquid. 

(G) The pressure intensity at a point 3 ft. below the surface of a heavy fluid 
is 30 lb. wt. per sq. in., and at a depth of 7 ft. it is 50 lb. wt. What 
is the pressure intensity at the surface ? 

(7) A vessel whose bottom is horizontal contains mercury whose depth is 
20 in,, and water floats on the mercury to the depth of 16 in. Find the 
pressure intensity at a point on the bottom of the vessel in lb. wt. per 
sq. in., specific gravity of mercury being 13-6. Neglect atmospheric 
pressure. 

(8) A circular cylinder, whose radius is 14 cm, and height 40 cm., is filled 
half with water and half with oil of specific gravity 0’9. Find the thrust 
on the base. (Take ir = */.) 

(9) The two branches of a uniform bent tube are straight and vertical, and 
the portion of the tube which unites them is horizontal. Water is poured 
in sufficient to fill 6 in. of the tube, and then oil, sufficient to occupy 5 in., 
is poured in at one end, the specific gravity of the oil being four-fifths 
that of water. Find the position of the fluids when they ore in equilibrium, 
the horizontal part of the tube being 2 in. long. 

(10) A U-tube contains mercury of specific gravity 13-5 to within 5 in. of the 
top. Find the height of the column of water which must be poured in 
to fill one of the branches. 

(11) Water is poured into a U-tube, the legs of which are 8 in. long, until 
they are half full. As much oil as possible is then poured into one of the 
legs. What length of the tube does it occupy, the weight of the oil being 
two-thirds that of water I 

(12) A bent tube containing equal quantities of two liquids which do not 
mix consists of two branches inclined at angle 60°. When one of the 
branches is held vertically, the different fluids meet at the angle of the 
tube. Show that when the tube is held with the two branches equally 
inclined to the vertical, one-fourth of the liquid contained in the branch 
which was previously inclined to the vertical flows into the one which 
was vertical. 

(13) A tank has n layers of liquid each A inches thick, the uppermost having a 
density p lb. per cub. in., that of the next 2p, then 3p, and so on. Find 
the pressure intensity at the base, due to the liquids alone. 
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(14) Ten liquids (of densities p 2p, 3p, ]0p) are Etiperunposed, the 

thickness of the uppermost Ujn' being h inches, that of the next 2h inches, 
then 3A inches and so on, so that the thickness of the lowest layer is 
lOA in Find the pressure mtensity, das to the liquids alone at the lowest 
point of the lowest liquid 

(15) In a heterogeneous fluid the density at a depth z inches is Iz lb per 
cub in Find k if the pressure intensity at a depth of 3 ft is 40 lb wt 
per sq in Take the atmosphenc pressure as 14 7 lb wt per sq in 

(16) A thin circular tube is fixed with its plane vertical and contains two 
liquids which do not mix Bach liquid subtends a right angle at the 
centre of the circle but they are of different densities p,, p, (p^ < pi) 
Find the angle which the radius to ibeir junction makes with the vertical 

(Inter Eng ) 

(17) A circular tube, held in a vertical plane, contains columns of two liquids 
whose densities are p, o, the columns auhtendingangIeB20,2^respectiveIy 
at the centre of the circle Show that the angle a, made by the diameter 
through the common surface with the vertical, is given by 

p sin 8 sm (^ ± «) « o sin ^ sm (^ 7 a ) 

In particular, find a if equal volumes of the two Lquids exactly fill half 
the tube 


ANSWERS 

1 44in 2 22) fathoms 9 3201b wt 

4 P + X4W where u> is the weight of unit volume of standard substance. 
6 151b wt persq in 7 lOi^jIb wt persq in 6 23 408ki}og 
9 Common surface is 4 in below water surface and 6 in below oil surface 
10 S^in II 6in 

13 55^A lb wt per sq in 14 385 ^ lb wt per sq in 

16 tan »( ^7M 17 

Vs + Pi' ' P + 


15 0 088 
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PEESSURE OF HEAVY FLUIDS (2) 
Total Thrust on Plane Areas 


23. Introduction 

In tte last chapter we dealt with the pressure intensity at various 
points witliin a fluid or series of fluids which did not mix. We con- 
sidered various theorems concerning the pressure intensity at different 
points and we can now use the knowledge gained to find the total 
pressure or total thrust, as it is often termed, on a plane area immersed 
in a fluid. This is, obviously, of very great practical importance. 

We know already (§ 4) that when a fluid is in contact with a plane 
area every part of the fluid exerts a force on the area, at right angles 
to it. It is the sum of all these parallel forces which we denote by the 
total thrust. It is often convenient to denote the sum of all these 
parallel forces by a single force — the resultant thrust — whose magnitude 
is, of course, the total thrust or total pressure on the area. Con- 
sequently we know the direction of this resultant thrust, it is normal 
to the area, because the resultant of a number of parallel forces is 
itself parallel to them. The resultant thrust will not be completely 
specified until we know the position where it acts on the area. This 
is an important point, called the Centre of Pressure, and we leave the 
determination of this point, in various cases, to Chapter V. In this 
chapter we will concern ourselves simply with the magnitude of the 
total thrust and we begin by taking the simplest case. 

24. Total thrust on horizontal plane areas 

In § 15 we found that the pressure intensity on a fluid at all points 
in a horizontal plane was constant and so the total thrust in this 
case is the pressure intensity at the depth of the plane figure multiplied 
by its area. 

Example 1. — A rectangular tank whose base measures 12 ft. x 4 ft. 
has a liquid ispecific gravity 1-9) to a depth of 5 ft. To find the total 
liquid pressure on the base. 

The pressure intensity at the base due to the liquid 
= 1-9 X 02'5 X 5 IJ). wf. per sq. ft. 

.19 
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The area of the base is 4 x 12 sq ft Thus, the total tliiu-'t on base 
= 4xl2xl9x 62 5x5 lb wt 
4X 12 X19X 62 5X5, _ 

= 22i0 

= 127 23 ton wt 


It will be noticed here and in the following cases that ne are only 
concerned with the thrust due to the weight of the hqnid and so we 
shall leave out atmosphenc pressure 


25 The total thrust exerted by a liquid of given depth on the base of 
its containing vessel is dependent of the shape of the remaining 
portion of the vessel 

This follows from § 17, for the pressure intensity at any point 
of the base depends only on the depth of the liquid and the density, 



and not on the shape of the other part of the containing \essel, and 
the total thrust on the base depends only on this pressure intensiti 
and the ares of the base 

Although this follows directly from what has gone before, never 
theless, it requires a closer inspectioo Consider the following eases — 

(1) tVhen liquid is contained in sn open cylindrical vessel (Fig 23), 
the liquid exercises a thrust on the base which is verticallj downward, 
and thrusts on the curved surface which are honzontal and consequently, 
when we resolve lertically, 

total thrust on base = weight of cylmder of fluid 

(2) Suppose the vessel is “ pail ” shaped (Fig 24), then the hquid 
exerts a thrust on the base and also thrusts on the curved surface, 
at right angles to the curved surface, and which consequently have a 
vertical do'n'nward component Thus on resolvnng vertically we have 
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thrust on base + resolved part downwards of thrust on curved surface 
= weight of fluid contained, 

so that 

thrust on base is less than weight of fluid contained. 

(3) Finally, if the shape of the vessel is as in Fig. 25, the thrust 
of the fluid on the curved surface of the container has an upward 
component and we then have, resolving vertically, 

thrust on base — resolved part of thrust on curved surface 
= weight of fluid contained, 

so that 

thrust on base is greater than weight of fluid contained. 

In fact, in these three cases, if the areas 
of the bases are the same and the liquid is at 
the same height, the total thrust on the base 
in each case is the same. 


Example 1 . — A hollow right circular cone of 
height 12 in. and radius of base 3 iw. has its 
vertex uppermost and its base horizontal and 
contains sea-water weighing 64 lb. per cub. ft. 
to a height of 6 in. Find the total thrust on 
the base and the weight of the liquid. 

Let Fig. 26 represent the cone. 

Then since the volume of a cone of height 
h and radius of base r, is ^rrr^h we have 



Fig. 26. 


, 1 /3 V 12 1 /UV 6 , 

volume of sea-water 


1 7 

.'. Weight of liquid = -rr .64 lb. wt. 

o Ii28 

Irr 

= -g lb.Wt. 

= 3-665 lb. wt. 

But the pressure intensity at the base 

64 X 6 


lb. wt. per sq. ft. ; 


12 
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g4 V (i 

total thrtist on base = — X «• (i)* Ib wt 
= 2 jt Ib wt 
= 6283 lb wt 

Thw conforms with ease (3) above and jt is clear that the difference 
between these two values, namely 2 618 lb wt , measures the vertical 
component of the thrust exerted by the liquid on the curved surface 
(see also Example 3 of § 29) 

We shall consider the ihrmts on curved surfaces in more detail 
in Chapter VII 

26 The total thrust of a heavy homogeneous hquid on a plane area 
is equal to the product of the area 
and the pressure intensity at its centre 
of gravity 

This theorem is very important as 
It enables the total thrust on a plane 
area to be determined if the depth 
of the centre of gravity (or centroid) 
of the area is known or if it can be 
calculated 

Let LM represent any plane figure 
of area A sq ft immersed in a fluid 
(Fig 27) and suppose that a small 
element of it (of area gq ft ) is at a 
depth r, ft below thd surface 
Then the pressure mtensity at 
due to the weight of the liquid alone 
(i e neglecting atmospheric pressure) 
Ls pzj Ib wt per sq ft where p u the 
density of the liquid in Ib per cub ft Thus we have 

thrust on element a^ — pz^Oj ib wt approximately 
If We divide the remaining area into elements denoted by Oj 
oj o„ at depths Zj s, z, tlien 

total thrust on figure =* pify + + + pi„a„ approximately 

-= p S zpa, Jb wt approximately, 
r=l 

where the snmmation extends over the whole area since 
«! + Cj + + “■ equals the whole area 

The reason this v alue of the total thrust is only approximate is 
that we Lave assumed that cvwywheie over the elemental area Oj 
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the pressure intensity is pz^ lb. wt. per sq. ft. In fact, different portions 
of the elemental area are at different depths and consequently the 
total thrust on the figure exactly 

~ limit of pZiUi + p22*2 + • • ■ + 

when the number of elements is indefinitely increased, but still subject 
to the condition 

«! + O2 + • • • + = whole area, 

i.e. we increase the number of elements and consequently decrease 
their individual areas. 

Thus we may write exactly, 

n 

total thrust on figure = lim p S 2^(1^ (i) 

n-^00 r = 1 

But the expression was obtained in statics when finding the 

centre of gravity of a plane area (see Tutorial Statics, p. 221 ). Thus 
if 2 is the depth of the centre of gravity (or centroid) below the surface 
we have 

Az = limit of z^a^ + z^a^ + . . . + z„a„ as 2! 00 

n 

= lim £ ZjOf 
00 r= 1 

and substituting in (i) 

total thrust on figure = pkz lb. wt. 

Now A is the area of the figure and pz is the pressure intensity at its 
centre of gravity, hence the theorem is proved. 

27. Total thrust on simple geometrical figures immersed vertically 
in a fluid 

We will now use the theorem of the last section to determine the 
total thrust on some simple geometrical shapes. In each case we shall 
only consider the thrust when the figure is immersed in the fluid 
verticall 3 ^ 

( 1 ) Rectangle with one .edge in surface. 

Let sides be o, 6 . 



Fig. 28. 



n-r'-tt ky or neA\r ritioi (S) 


4t 


Artta of G^ff' = ai 
P'-ptfiofCG How rurfac*- = ~, 

, , Total tbrurt »= /> a?/ ^ 
(2) IteHanqty tnth upjf^ /lOnzotJ/jl ttl L 


f i 

I a I 

b 

fis rj 

A r*« of fixate 
IVfrtlioftft -* J 

Total tJimn « /j (A (i + g) 

<3) T Tvuvji* xnlh etl/j» tn tiirj irr 

lAt AV/C witli AC — a and I<*t altitU'J'* JiK = A 

If 31 /nvl jy/int of Af 0 m c^nt/^ t<f gravity of tmn/I^ wJj*'fe 
GM JB3I (w Juional hialtcn, p 210) 



B 


Fi« 30 
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Hence, by similar triangles 

GN = pK 

= Ih 

and GN is the depth of C.G. 

Area of triangle = \ah. 

Total thrust on triangle = p.iah.^h 
= \pah^. 

(4) Triangle with wp'per edge horizontal and at depth k. 



Fig. 31. 


With notations as before, 

area of triangle = iah. 

Depth of C.G. = ^’ + ^h ; 

Total thrust on triangle = p.iah {k + ^i). 
(5) Triangle toith lower edge horizontal and at depth h. 



Fig. 32. 
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Area of triangle = \a1i 
Depth of C G = A — 

Total thrust on tnangle = p \ah [k — JA) 

(6) Circle with one point of ctrctunference tn surface 
Let circle be of radius r 



F>g 33 


Area of circle = nr^ 
Depth of C G r 
Total thrust on circle = p wr* r 

(7) Circle wi<A centre at depth k 



Fig 34 


Area of circle = vr* 

Depth of CG 

Total thrviet on cuclo = p Ttr® A 

(8) Semicircle imtk bounding diameter in surface 
Let radius be r 



Fig 35 
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Area of semicircle = 


T' 


4r 

Depth of C.G. = — (see Tutorial Statics, p. 318). 
o?r 


Total thrust on semicircle = - 


.Trr" 4r 


2 377 

(9) Semicircle with bounding diameter uppermost and horizontal 
at depth k. 



Fig. 36. 


Area of semicircle = 


Depth of C.G. = ^' + g— ; 

.'. Total thrust on semicircle = • 

(10) Semicircle with bounding diameter horizontal at depth k, curved 
edge being uppermost. 



Fie. 37. 
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Thrust on triangle ABD = p §o6 ^ 

Thrust on triangle BCD = p |a5 |6 

= yah*. 

since the C G of triangle BCD is |6 below the surface 

thrust on ^ BCD ^ 

thrnst on ^ ABD ipa^* 
thrust on ^ BCD = 2 X thrust on A ABD 

f Example 3 — A rectangular area ABCD has the side AB tn the surface 
of tcodcr, side AD (lO/eet long) being vcrticul ond tuhnwrged, diwde 
the area by horizontal lines into three parts, on each of uhick the thrust 
IS the same 

Let Fig 41 represent the rectaogolar area 


Hence 
so that 



Fig 41 


Let EF and GH be the Imes of division Let AE = * ft , EG = y ft 

Then CD = (10 -® - 9 )ft 

Thrust on ABFE = area of ABFE X pressure inteasit^ at C G 

of area =x AB x Wg 


Similarly, thrust on EFHG = y AB x.ib {x 

)= (10 — * — y) AEx ^ 


and thrust on GHCD = 
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Equating these we get 

^ = 2 / (x + l) = (10 - a: - y) (a; + 2 / + — 


= y (2x + 2/) = (10 — X — y)(10 + » + 2/') = 100 — (x + 2/)^. 
From the first two we have x® — 2xy — = 

From the first and last we have 2x® + 2x22 + 2 /^ = 100. 

Adding we get 3x^ — 100 or x = 

Also (x + yf = 100 - x2 = 100 - i§.2. = 5.0 0 • 


3; + y = 


10^2 

a/s 



2/=¥(V6-\/3). 

Thus X = 5-77 ft., y = 2-39 ft., and 10 — x — y = 1-84 ft. 


Example 4. — A semicircular lamina with centre 0 and diameter 
AOB is immersed vertically in a liquid with its plane vertical and the 



diameter AOB in the free surface. OP and OQ are radii such that the 
angles AOP, QOB are each 2i^ and POQ is 20. If the liquid thrust on 
each of the sectors AOP, POQ, QOB is the same, show that sin 0 = sin^^. 

Deduce, or prove directly, that sin d = J. [Inter. Sc.) 

Lot Fig. 42 represent the lamina and suppose that G, K are the 
centres of gravity (or centroids) of two adjacent sectors as shown. 
Let GN be drawn perpendicular to AB. Then since AB is horizontal 
(in surface of liquid), GN is vertical. 

If r is the radius of the semicircle, 


and 


OG = 




sin <f> 

T~’ 



sin 6 

~e~‘ 


OK is pe^rpendicular to AB and is therefore vertical. 
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We may uow write down tHe thrusts ou the three sectors If p 
13 the density of the fluid we have — 

thrust on sector BOQ = thmst on sector AOP (bj symmetry) 

~ p X area sector AOP X GN 
= /> Jr*(2^) OG sin ^ since GN = OGsm^, 

= p It* (2^) I T sin <j> , 

9 

using the value of OG above, 

= |/»r* sm* ^ (i) 

Also, thrust on sector POQ = p x area sector POQ X OK 

using the value of OK above, 

s=|/>r®8in0 (ii) 

But the liquid thrusts on all the sectors are the same, hence equating 
(i) and (ii), 

ein ^ S3 smV 

We may prove directly that sm ^ J as follows — 

Since the thrust on each sector is the same, three times the thrust ou 
either must equal the total thrust on the semicircle which we may 
find independently A seimcircle is a sector of angle 2o where 
a S3 n-/2, so that from the given formula, the C G of a semicircle is 
At a distance 

|r — from the centre, 

4r 

i e — from the centre 

Off 

if 

Thus the thrust on the whole scmicucle = p \irr* — (ui) 

and this must equal three times the thrust on either sector, 
putting (ui) equal to three tunes (ii), 
ir 

P JffT* ® 

giving sin & = J 

Incidentally, we may deduct this result since we know that 
sm 0 = sin* <j) and also that 0 90°, 

^=45 — ^ 9 , 
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sill” <l> ~ i (cos* — 2 sin id cos i0 -J- sin* i0) 

= i(l-2sin|cos|) 

= i (1 ~ sill ; 

sin 0 = sin* ^ i (1 — sin 0), 
so tliat 2 sin 0 = 1 — sin 0, 
or 3 sin 0= 1, 

giving sin 0 = ^. 

28. Total thrust on a combination of simple geometrical figures immersed 
vertically in a fluid 

We may extend § 27 to find the total thrust on an area which can 



c 

Fig. 43. 


be considered as the sum or difference of two or more simple shapes. 
This is best illustrated by actual examples. 

Example 1. — A triangle ABC, immersed vertically m a fluid of density 
p, has its vertex A in the surface and B, G are at depths di, d^ respectively. 
If CB produced meets the surface in D, find the total thrust of the fluid 
pressure on the triangle ABC in terms of dj, dg, a, where a = AD. 

In this case (see Fig. 43) we have no need to find the C.G. of the 
triangle ABC because we can find directly the total thrusts on the 
triangles ACD and ABD and subtract. 

Thus, area of A ABD = iadi ; 

thrust on A ABD = p.iudi.^ 

= iapd^^- 

Again, area of A ACD = Jodg : 

thrust on A ACD = p.Jadg.^do 
= Japdg*. 
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Consequently, 

thrust on A ABC = thrust on A ACD — thrust on A ABD 
— — iop£Zi* 

= iap(d*~d,') 

Example 2 — Txnd the total thnut on a trapezium having its parallel 
sides (of lengths a, b and ifutonce d apart) honzonlal, the shorter (o) 
being uppermost and at a depth I 

Let ABCD (Fig 44) represent the trapeanm then if we draw 
perpendiculars AN, Bil we spht np the trapezium into a rectangle 
and two tnangles 

Let DN=rz, then lIC = i — a — x To find the depth (?) of 
the centre of gravity of the trapeziuin we require 



Fig 44 


area of A AND = ixd, 
depth of C G of A AND => i + fd, 
area of rectangle AB3IN ad, 
depth of C G of this rectangle = X ^ 

area of A BilC « Jd (h — o — i) 
depth ofCG ofABiIC = A + |d 
The equation for finding the C G of the trapezium is 
area trap X 5 — area A AND x its depth of C G -}* area rect x its 
depth of C G -f- area A B3IC X its depth of C G 
Since the area of the trapezinm is |(a -f* d, this becomes 
J (o + h) d.z = i rd (I - 1 - id) + od (h -h Jd) + |d (5 - o - x){k + |d) 

= Jd (i + id)(x + 6 - « - x) + od (i + id) 

id (bh + |hd — oi — |od) + od (X, + Jd) 
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= mh + hM- - ladk - + adk + kad^ 

= Udk + mk + \ad^ + 

= “ (3crA* ^hk (id ■j' ^bd), 

6 

Notice that 'we have no need to simplify the left hand side, because, 
since vre require the total thrust on the area which is p X area X z, 
it is better to leave the left hand side alone since it is, in fact, the 
area X s. 

Thus, total thrust = p X right hand side 

= ^ |^3Z‘ (a + 6) + d (o + 26) J. 

i Example 3. — A triangular area ABC is immersed in liquid mth 
(he vertex A in the surface and -B, C at depths h, k respectively. 
If a horizontal line through B divides 
the triangle into two parts on which 
the resultant thrusts of the liquid are 
equal, prove that 

hlk^ (1 + V17)/8, 
atmospheric pressure being neglected. 

{Inter. Sc.) 

Let Fig, 45 represent the triangle 
and suppose the horizontal line 
through B cuts the edge AC in D. 

Let BD = X. In this case we have 
to find the thrust on each of the triangles ABD, CBD and equate. 

Area of A ABD = Ihx. 

Depth of C.G. of A ABD = §6; 

Thrust on A ABD = p.^hx.^h 

= ipxP (i) 

Area of A BDC =\x{k — h). 

Depth of C.G, of A BDC =h+ 

o 

2A Ic 
^ 3 * 

Thrust on A BDC — p.ix{k — h) 

o 

= ^px (k — h){2h + A) (ii) 
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But the thrusts on the two tnai^les ate equal therefore (i) = (ii), 
\pxh* ~ \px {k — A)(2A 4- 1) 

A* = H2AA-2A*-fA»-Ai) 

2A* = AA+A*-2A*, 

4A2-AA-A* = 0 

Solving this hy the rule for quadratic equations, we have 

, i±V(4* + 4 2 21*) 

h=. 

. diVlT) 

8 ' 


A I + Vi^ 
l~ 8 


as the negative value is inadmissible 

•J Example 4 — A rectangle ABCD « tmviersed vertically tn a liquid 
with AB in the water line ^ E *» a junnt tn BC such that the 
liq^l thrusts on the areas CDE and 
A ^ BAT XoED are equal, show that BE EO 
s= 1 V'S {Inter Sc ) 

Let BE 8 a; and EC as y (Fig 46) 
then we have to &id the total thrust 
on the trapezium ABED and on the 
triangle CDS 

We may find the thrust on the 
trapezium either by considering it 
88 a rectangle + a triangle or by 
producing DE to cut the surface 
ui F and taking the difference in total thrust on the triangles ADF, 
BEF If we put AB = a BF = h then 
thrust on trap ABED =thmst on ^ ADF — thrust on A 

= + (1) 



D C 

Fig 46 


and since triangles BBF, DEC are einular, = 
Substituting for b in (i) we have 


a 


thrustontrap ABED = (o + + y)* 




b 


ax 

U 




ax 

1 


= ^(at* + ary+y*) (n) 
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Also, area of A CDE = \oy, 

depth of C.G. of A CDE = a; + 3 ?/; 

thrust on A C®® = P-\^y + sy) 

= ^ (3x1, + 2,f) 


Equating (ii) and (iii), since the thrusts are given equal, 
(ac2 + 3xy + yS) = ^ (3xy + 2f); 

3x2+y- = 2y=; 

3r==y=; 

X 1 

BE : EC = 1 ; 


(iii) 


29. Total thrusts on plane, non-vertical areas in contact with a fluid 

The theorem of § 26 was proved to be true, independently of whether 
the plane area was vertical or not. The total thrust depends only 
on the area of the figure and the pressure intensity at its centre of 
gravity. Thus exactly the same procedure may be adopted as in 
§ 26 to find the total thrust. 

Example 1. — To find the total thrust of water on the slanting face 
of an embankment 100 metres long and 30 metres broad, whieh shelves 
doion to a depth of 12 metres beloto the surface at the lowest part. 

The area exposed to pressure = 100 x 30 = 3000 sq. m. 

The depth of its C.G. = ^ depth of lowest portion 
= 6 m. = 600 cm. ; 

.'. pressure intensity at C.G. = 600 grm. wt. per sq. cm. 

= 600 X 100 X 100 grm. wt. per sq. m. 
= 6000 Idlog. wt. per sq. m. ; 

.’. total thrust = 6000 X 3000 kilog. wt. 

= 18,000,000 kilog. wt. 

Example 2. — A rectangular area is immersed in fluid with two 
edges horizontal such that its plane makes an angle 6 with the vertical. 
To find the total thrust. 
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Let the rectangle have sides of length a, b Then if the upper edge 
(a) 13 at a depth i helow the surface then the C G of the area is at a 

depth of L -{■ 2 cos 6 Fig 47 shows a. section of the figure 
Therefore, the total thrust = p + 2 


Example 3 —A hollote nght pyramid has a square base of side 1 ft 
and IS 1 ft in height i'tnd the total thrust on the base and each of the 
four faces, tf the pyramid be filled unth water weighing 62 4 lb irt per 
cub ft 


Since the area of the base is 1 sq ft and the depth of the C G of 
the base is 1 ft from the vertex, we have total thmst (T) on base 
« 62 4 lb wt 

Let ABC (Fig 48) represent a section of the pyramid made by a 
vertical plane cutting the base in a line parallel to two of its edges 


A 



Fig 47 Pig 48 


Then if 0 13 the centre of the square base AO — 1 ft , OB =* J ft and 
therefore AB *= ft 

It 8 IS ^ ABO cos 9 = i 
■yO 

Now AB 13 a line of greatest slope iu a tnangnlar face, 

area of each triangular face = J X 4 V® ~ i sq ft 
and the depth of C G of each tnangularfoce = | x 1 ft , 

total thrust (F) on each tmngularface = | X i X 62 4 lb wt 
= (10 4) 1/5 lb wt 

Now the volume of the pyramid is J I 1 cub ft , therefore the weight 
of water (W) contained la the pyianud is J (62 4) « 20 8 Ib wt 

It IS \ery important to realise exactly how it comes about that 
the weight of water is 20 8 lb wt , yet the total thrust on the base 
13 62 4 lb wt We may examine ^is more closely by means of a 
diagram and \ enfy by rewlving all ■Uie forces verticallj Before any 
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Besolvmg these forces vertically, for the eqmlibnum of the con 
tamer we have 

P-j-4Pco8e=T. 

which IS the same as (i) above, ranee P (the tension in the rope) is 
clearly equal to the weight of fluid (^V) 

A ^ ery important corollary of the theorem concerning the total 
thrust on an. immeiaed plane area is this that the total thrust on the 
area depends only on the area and the depth of its C G , and is therefore 
unaltered by turning the area about its C G provided that the whole 
of the area is kept below the surface 

30 Total thrust on plane areas partly m several fluids which do not xois 
IVhen part of an area is in contact with one fluid and another part 
in contact with a fluid of difierent density then we must find the total 
thrust on each part and add 


Example 1 — A liquid of density p^ has a second liquid [density p^) 
Q sxipentnposed on U to a depth of d ft If a 

reclangU of sides a b{b> d)ts immersed verli 
T ^ cally m(k a side of length a tn the surface of 
w the upper liquid, find the total thrust on the 
rectangle 

Let Fig 51 represent the rectangle The 


'i 


Pm SI 


common surface of the two liquids divides 
the rectangle into two smaller rectangles, 
the upper of area ad and the lower of area 
a(b-d) 

d 


The C G of the upper rectangle is at a depth ^ therefore the 

, 

pressure intensity at the C G of the upper rectangle is pg 

thrust on upper rectangle = ps ad ^ 

The C G of the lower rectangle is at a depth d + J (6 — d) below the 
free surface and the pressure tniennly at the C G of the lower rectangle is 

Psf* + Pi 9 


thrust on lower rectangle is a(b — d) j^pgd + Pi 
total thrust on rectangle is 

\apfi^ 4- opgd {b — d) + \api (6 — d)* 

= [p, [b - d)* + pgd (2fi - d)J 
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31. Total thrust on a plane area found independently of the position 
of the C.G. 

The theorem of § 26 gave the total thrust on a plane figure in 
terms of the pressure intensity at the centre of gravity and the area 
of the figure. Thus if the position of the C.G. of the area is known or 
can easily he calculated, and the total area is known, then the total 
thrust on the area can he found immediately. It must he home in 
mind, however, that we may find the total thrust directly, by finding 
the thrust on a small portion or element of the area and then finding 
the limit of the sum of tlie thrusts on all such elements. 

We will now work out an example two ways, finding the total 
thrust direct!}-, («) using the calculus and (6) ■without the calculus. 


Example 1 . — To determine directly the total thrust on a rectangle 
immersed vertically in a liquid (density p) with 
the upper edge horizontal at a depth A-[cf. § 27 (2)]. 

(a) Ushig calmdus. 

Let the rectangle have sides a, b. Con- 
sider a horizontal strip: ividth 8s, depth s 
{Fig. 52). 

Then area of strip = a.Ss; 
thrust on strip = p.aSz.z; 
total thrust on rectangle = J pazdz, 
where the integration covers all values of s to include the whole 
rectangle, i.c. from s = I: to s = I- 8. 

r*+i 

Thus, total thrust on rectangle = j pazdz 



. 1 , 

r 


=-f[(i- + 4)=-r] 

= ^ {2kb -I- 6=) 

= pah(^-d-|). 


(6) Without calctdus. 

Let sides of rectangle be a, b as before. Divide the rectangle into n 
horizontal strips each of width I so that 

nl = b. 


We shall later increase the number of strips and decrease their width 
so that nl ■will still be equal to b. 



64 


PRESSURE OF SEAM FLUIDS (2) 

CD = 6, 

From the similar triangles OCD, OLM, 

2r A 

I e I'll 


a. 

~ -g since = AB = LM, 

= hbf. 



But hm 6^ IS the shaded area (A,), 


= ph \mi Z"".! hji 
»V*tO 


total thrust on area = i 

Thus by finding the area A bj counting Aquares and measuring A, 
obtain the total thrust on the area tI^b shaded area, obtained 
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as we have indicated, is called the first derived figure for the original 
area. If very high accuracy is necessary the area of the first derived 
figure is found by means of an instrument called the planimcler. 

This method is valid whatever the shape of the original figure, 
S 3 ’mmetrical or not, and wherever the point 0 is chosen on the line SS, 
since tlic triangles OCD, OLM will always be similar. 

It is worth whUe noticing that the grapliical method we have 
adopted here is also convenient for finding the position of the 
centre of gravitj* of an irregular figure, for if its area is A(, and its 
centre of gravit}* a distance z below the surface, we have by § 26 
total thrust on figure= 

= pAJi, as above ; 

= M 

• ■ “ A„ 


or 


- _ area of first derived figure j 

area of original figure 



Example 1 . — Find the total thrust 
on a rectangle immersed vertically with 
its upper edge horizontal and at a depth k. 

If the original figure immersed has 
edges horizontal or vertical the first 
derived figure will be a straight-sided 
pol 3 'gon and we ma 3 ' use this fact to 
determine the total thrust on the rect- 
angle. Of course the value of this graphical method is that it applies to 
areas for which the total thrust cannot be found convenientl 3 '’ by any other 
method, but this example will be useful for confirmation of the method. 

Let ABCD (Fig. 55) be the rectangle of sides o, b as shown. Let 0 
(the pole) be an 3 ' point in the surface line SS. Then the shaded figure 
EFCD is the first derived figure. Its area is 4(EF -f- CD) b, since 
it is a trapezium, and from the similar triangles OEF, ODC we have 

^ CD 
k 


EF: 


area of first derived 


b+r 
dk 

m-’ 

figure + 


ah 


IKTEK. HYD. 


6 
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total thrust on rectangle ABCD 



which agrees with the result of § 27 (2) 


Exercises IV 

(1) Detormine the thrust in pounds weight on every foot breadth of a vertical 
wall of a rectangular reaerToir of water 160 ft deep 

{2)A lock gate, 10 ft wide and 10 ft deep, has water on one side 8 ft deep 
and on the other 5 ft deep, in each caso moasuted from the lower edge 
of the gate Dotormtno the resultant thrust 

(3KDetcrniino the total thrust on one aide of a rectangular rcrtlcol dock 
gate 60 ft wjclo immereod in sea water to a depth of 25 ft , having given 
that the specific gravity of sea water is 1 020 

• |4) A eubo whose edge is 1 ft is suspended in water with its upper face 

horixo&tal, at a depth of 2} fl below the surface Find tho liquid thrust 
on each face of tho cube 

(6) An artificial lake, I ml long and lOO yd broad, with a gradually shelving 
\„.«''^^om varying from nothing at one end to 88 ft at fho other, is dammed 
at the deep end by a loasoniy wall across its entire breadth Find the 
total thnist on tho embaokroent when the lake is full of water weighing 
I ton to tho cubic yard Find also tbe total weight of water in tho lake 

(6) A hallow cone stands with ite base on a henzontsi table The area of 
the base is a sq in , and the height Am, its weight is equal to the weight 
of water it will contain When filled with water, what is tho rotio 
of tho thnist of the water on the base to that of the base on the table ? 
(The volume of a cone u one third of that of a cylinder with the same 
base and altitude } 

(7) A right circular cone is open at tho base and has a small hole at tbo 
vertex, it rests on a horizontal plane, the diameter of the base being 
1 ft and tho height of the cone 3 ft Find the weight of the cone that 
it may bo just possible to fi{{ it with water without causing it to lift {eats 
the plane 

(8} The surface of a vessel containing liquid consists of a number of plane 
faces of areas o, a„ a, » etc , and the centres of gravity of these 
areas are at depths z„ r», *, . etc . below the surface of tho liquid 

Write down the sum of the resultant thrusts on the several faces the 
weight of a unit volume of liquid being tv, and show that this sum is equal 
to the product of tbe whole anpeifictal area of the vessel into tho pressure 
intensity at tbe centre of gravity of thia area 
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(9) One end of a water conduit is closed bj’ a watertight square plate ABCD, 
whose plane is vertical and with AB in the surface of the water. Show 
how to divide the plate into two parts by a line through A so that tlie 
thrusts on the two parts may bo equal. (Inter. Eng.) 

(10) In each of the four cases below, the lamina is immersed vertically in a 
liquid of density p. Find the total liquid thrust on one side of the lamina 
in terms of the given quantities. 



In each case, deduce the total liquid thrust when o = 0, and confirm 
that the results agree with those already obtained in § 27. 


^A swimming bath measures 100 ft. by 30 ft. At the shallow end the 
depth is 3 ft., while at the deep end it is 12 ft., and between the two the 
depth increases uniformly. Find the total thrust, in tons weight, on the 
base and on each side, given that 4 cub. yd. of water weigh 3 ton. 


(12) A rectangle ABCD is immersed in a liquid so that AD is on the surface. 
AB is divided at P and Q so that the thrust exerted by the liquid on the 
triangles ADP, PDQ, QDB are all equal. Find the ratios AP : PQ : QB. 

(High. Sch. I.) 



A swimming bath is 90 ft. long. At the deep end it is 9 ft. deep and at 
the shallow end 2 ft. 6 in. The bottom slopes steadily downward from 
the shallow end for the first 46 ft. of the length, then remains horizontal 
at a depth of 6 ft. until 20 ft. from the deep end when it drops vertically 
to the depth of 9 ft. forming the diving pool. Find the thrust, in tons 
weight, on one side of the bath, assuming 1 cub. ft. of water weighs 62-5 lb. 

(High. Sch. I.) 
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(14) ABC IS a triangular lamina immeraed vertically m liquid with AB in the 
surface P and Q are pointa in BC aucli that the thrusts due to the liquid 
on the triangles ABP, APQ and AQO are equal Show that 

BP BQ BC =» 1 v'2 \/3 

If PE be dnivn pankOel to CA to meet BA in E, find the ratio of the 
liquid thrust on the tnanglo EBP to that on the triangle ABC 

(Inter Ez^ ) 

(15) A cube, of which the edgo measorea 1 ft , is immersed in water with one 
edge in the surface and each of the faces which meet in that edge inclined 
at 45° to the vertical Find the magnitude of the thrust of the water on 
each face of the cube, and the resultant thrust on the whole cube 

Take the density of water to be 62 5 lb per cub ft 

(High Sch I ) 

(16) A cube is filled with a liquid of weight W, and held with a diagonal vertical, 
find tho total liquid thrust on one of the lower and one of the upper faces 

(17) Two circles are drawn on a vertical wall of a reservoir, they (ouch each 
other externally, and tho centre of one u vertically below the centre of 
the other the water m the reservoir rises so that the upper circle u luit 
immersed Find the ratio of the radii whea the resultant pressures on 
the two circles are equal 

(18) A closed cubical vessel contains liquid It is held so that a diagonal of 
tuo of the faces is vertical and tho freo surface of the liquid bisects the 
two upper edges of the vertical faces Prove that the liquid thrust on 

owe of the vertical facee » “gj" where W is the weight of the cow 
tamed hquid (Inter Eng ) 

(19) A triangular lamina, having an area or4 sq ft . has its vertices immersed 
at depths of one, two, and three feet respectively m water Find the 
total thrust on the area, the atmospheric pressule being taken at 14 7 lb 
wt per sq in 

(20) Alayer of hquid of density ^Ib per cub ft anddepthoft is superimposed 
on a layer of liquid of density 2p and depth greater than 2a A square 
lamma of side 2a is immersed vertically with its upper edge (i) in the 
free surface, and (u) in the surface common to the two liquids Find the 
total liquid thrust on tho lamina la each case 

(21) A rectangle with two sides vertical is drawn on a vertical face of a vessel 
contammg water and oil (sp gr 0 9) The rectangle is just covered, so 

ilhrtrSi^js'idvnAcdjintritnriwitk^JjrillwcmHiat/ir'-aiii&.WKn^.tfcA-m^-Juid-the 

water If the thrusts due to the bqurds on these two parts are equal, 
find the ratio of the depth of the oil to thobeigbt of the rectangle 

(22) An equilateral triangle of side 3 m is immersed vertically m a liquid 
with one aide m the surface If now a second liquid (of density half the 
former) is superimposed, find the depth of this liquid when the total liquid 
thrust on the tnangle is donble what it was originally 

(23) By integratu n confirm tho results of cases (3), (4), (5), (6) and (8) of f 27 
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(24) A circular lamina of radius 3 in. is immersed vertically in a liquid of density 
p lb. per cub. in., its centre being at a depth of 4 in. Find graphically 
the total liquid thrust on the lamina and compare the result with case 
(7) of §27. 

(25) A hollow cone, whose axis is vertical and base downwards, is filled with 

equal volumes of two liquids, whose densities are in the ratio of 3 : I; 
prove that the total liquid thrust on the base is (3 — times as 

great as when the vessel is filled with the lighter liquid. 

(20) A triangle ABC is immersed vertically in water with its vertex A in the 
surface and its base BC horizontal at a depth h. Show how to divide 
the area by horizontal lines into n strips on which the thrusts shall be equal. 


ANSWERS 


1. 703,126. 2. 6-441 ton wt. 3. 447-3 ton wt., nearly. 

4. 2600 oz. wt., 3000 oz. wt., 3600 oz. wt. 5. 32,260} ton wt., 484,000 ton wt. 

6. 3 : 2. 7, 05-45 lb. 

9. If lino through A outs base in E, ED = 0-686a, where a is side of square. 

10. (i) pp=z (a« -f afi + 4«)/062; (ii) pd“ (a + 2i)/0; 

(iii) pd[a’ + 04 + 6® + 3fc (a + 4)]/0; (iv) pr (2r + a){nr + 2n)/2. 

11. Base 627-47; ends 3-76, 00; side 87-5. 

12. 1 : V2 - 1 ! V3 - V2. 13. 47-136 ton wt. 14. 1 : S-v^S. 

16. Upper faces: 22-097 lb. wt.; lower faces: 88-388 lb. wt.; vertical faces: 
' 44-194 lb. wt. Resultant thrust = 62-5 lb. wt. vertically upwards. 

16. 2\Vj^/3, W/-\/3. 17. i (I + V6) .- 1 or 1-62 : 1. 

19. 8907-2 lb. wt. 20. (i) 6pa’ lb. wt.; (ii) 12pa’ lb. wt. 

21. 0-71 : 1. 22. -y/S in. 24. 113-lplb. wt. 


26, 


. The lines are at depths 4 , h , . . . 




CHAPTER V 

PRESSURE OF HEAVY FLXnOS (S) 

Centee oe Pressure 


33. Metfiod of fining the position of the centre of pressure 

We have already defined the centre of pressure of a plane area 
immersed in a fluid as the point where the resultant thrust meets the 
area It niu st ^ clearly understood that although the position of 
the centre of ^avity"’or^e‘^rA'^ooTd'’be "used in finding the^total 
thrust, yet the single force equal in magnitude to the total thrust. 

• e the resultant thrust, does not act at the 
centre of gravity but at the^oth of pres 
sure, which is always at a greater depth 
than the centre of gravity except, of course, j 
when the area IS horizontal (see §42) 

The general principle by which we may 
determine the depth of the centre of pressure 
m any particular case is as follows — 

Let Fig 66 represent any plane area 
immersed vertically in a heavy homogeneous 
fluid of density p Then, with the notation 
of § 26, if IS the area of a small element 
at a depth z,, 

the thrust on element due to the fluid alone = pUj^, approximately , 
and consequently 

total thrust (T) on area due to fluid alone 

= Inn pa^r exactly, 



Fig 86 


= p hm apif, since p is constant 
»^co 

Now it js this limit which is equal to the magnitude of the 
resultant thrust (indicated by the large arrow) acting at the centre 
of pressure Since this is the resultant of a number of parallel 
forces, to find its depth (Z)we take its moment about a Ime in 
the surface in the same vertical plane as the area and equate it to 
the sum of the moments of the constituent forces about the same line 
TO 
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Remember wc are only considering the forces on one side of the area. 
Thus, moment about surface of thrust on element 
= pa^z^ .Sj, approximately, 

== pajZi”, approximately. 

Therefore the limit of tlie sum of the moments of all elemental thrusts 


= p Rm {1,2,2 

n-> 00 

But the moment of the resultant thrust 

= Z X p liraiTILi (ii) 

n -> OD 

Equating (i) and (ii), 

Z X plim i7"_i ttfZr = P ^"-1 
71 ->• CO n 00 


:.z = 


lim ( 1 , 2,2 

n -> CO 

lim i7"_j((,2, 
n 00 


(iii) 


Thus the dept h , of the, centre, of .pressure is independent of the i 
density of the fluid (if. homogeneous) smee (iii) does not' contain p.' ' | 

~ having determined the depth of the centre of pressure, we have ' 
therefore a horizontal line on which the centre of pressure must lie. 
We may flx its position on this line by taking a new axis and finding 
the limit of the sum of the moments of all elemental thrusts about 
this new axis and equating it to the total thrust multiplied by the 
distance of the centre of pressure from this new axis. This procedure 
may be avoided in cases where a single straight line can he drawn 
through the plane of the figure to bisect every horizontal strip. This 
line is then an axis of symmetry and the centre of pressure lies on it. 

It will have been noticed that in this general case we supposed 
the area immersed vertically and we shall prove later on (§ 39) that 
there is no loss of generality in doing this. 

Thus to determine the depth of the centre of pressure {Z) in any 
particular case we have to calculate the right hand side of (iii) for the 
area under consideration. The simplest method of doing this is to 
use calculus, but it may be found without (compare §31), and in 
addition there is a geometrical method which is easily applicable 
in simple cases. 

We propose here to find the position of the centre of pressure 
in two simple cases by each of the three methods indicated above. 
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34 Centres of Pressure using Calculus 

Pic^ple 1 — Ttnd ike fosttum oj (he centre of pressure of a rectangle 
tmmersed vertically tn a fUai «ntS one side in (he surface 

Let fluid be of density p If ABCD (Pig 57 ) represents the rectangle 
with Bides a, b, consider an element of width 82 at a depth 2 
Area of element = 5 82 
Thrust on element ~ pb Bg z, 
moment about AP of thrust on element = pb Sz z x z 
~ pbz^Sz 

total moment for all such elements = 1 pbz^dz * 

•> D 

and total thrust on rectangle *= 1 pbzdz 
J 0 

Thus, if Z be the depth of the centre of pressure below the surface, 

X I pbzdz = [ pbz^dz 
JO Jo 



Fig 67 




Therefore if E and P are the mid points of AB CP respectively, 
EF la a hne of symmetry on which the centre of pressure lies so that 
the position of the centre of pressure (H) is gn en by 
EH = |EF 


V 


Example 2 — Find the position of the centre of pressure of a inangle 
immersed vertically in afinid uiih one swfe in the surface 

Let the side (AB) in the surface be of length 0 and l^t h be the 
depth of the vertex (C) below the surface (Fig 58 ) 

Consider an element (DE) of lei^th Z and width B: at a depth z 
Area of element = Z Sz 
Thrust on element ^ pi Bz z 


(0 
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Moment about AB of thrust on element = pl.Sz.z"; 

Ch 

total moment for all such elements = phMz (ii) 

J 0 

But the total thrust on the triangle = 1 plzdz from (i); 

Jo 

A r-A 

plzdz = I plz^dz (hi) 

0 Jo 

A very important point to notice at this stage is that we cannot take / 
outside the integral sign because I is not constant for every elemental 
strip, fn fact, I varies with z and consequently we must obtain an 
expression for I in terms of z before we can integrate. In the last 
example we could take b outside the integral signs because, there, 
b was constant for every element. Another point to notice in both 




Tig. 58. 

examples is that the limits for the integration are the values of z to 
be taken to include the whole area under consideration. 

Thus, before proceeding further with (iii), we obtain -Z in terms of 
z and constants. 

Triangles DEC, ABC are similar; 

DE AB . I a 
h — z h ' h — z h’ 


Thus (iii) becomes 

Z X ^ (A - z) zdz = ^ (h - z) z^dz-, 

j (hz^ — s’) dz 

. 2 —JL) 9 

J' Jo 
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IS therefore CjSi* Thus, if we require the centre of gravity of the sohd 
wedge, Its depth (s) below the homontal phne through AB (i e the 
surface of the liquid) is given by the limiting value of 

j (i) 

because Um Ta^^is the total 
\oIunie of the wedge, and 
hm IS the total 

moment of the elemental 
^ olumes 
Thus, from (i), 

\ lim 1^0,3, 







Comparing this with the 
formula we obtained for the 
centre of pressure of a plane 
arcs, §33 (m), it is clear 
that the depth of the 
centre of pressure of the 
rectangle ABCP is the same 


\ 

Fig 62 

as the depth of the centre of grattly of the sobd wedge ABCDEF This 
position may be easily estabh^ed 

Let LAIN be the central vertical tnangular section of the solid 
wedge (Fig 62) If LP is a median 
of this triangle the centre of 
gravity of the eoUd wedge is at 
G, where LG = |LP, and as G 
projects horitontally into H, the 
centre of pressure of the rectangle 
LH =: |LM, I e the depth of the 
centre of pressure of therectangle 
IS I the length of the vertical edge 



the centre oj pressure of a irton^ 
tminersed vertically tn a fiutd inth 
one side tM the su^ace 

The method js exactly the same 
as in the last example 

Let ABC (Fig 63) represent 
the triangle of which CD is one 
median, AB being la the surface The solid in this case will be obtained 
bydrawmgCE honrontally and equal in length to the depth of C below 
the surface B> joining AE, BE we ha%e a sohd tetrahedron whose 
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centre of gravity (G) projects into the centre of pressure (H) of the 
triangle ABC. If F is the centre of gravity of the triangle ABO, 
i.e. DE = JDC, then G is such that EG = |EF. 

Therefore CH = |CF. 

But OF = |CD, 

CH==|.iCD; 

A CH=iCD, 

so that H is at a depth of half the depth below the surface of the vertex 0. 

We have devoted the last three sections to the problem of finding 
the position of the centre of pressure in two simple cases by three 
different methods. Of these three methods, that using calculus is 
by far the most important as it is of very wide application. The non- 
calculus method null become very laborious in more complicated cases, 
while the geometrical method cannot be applied universally since 
the positions of the centres of gravity of the 
resulting solids may neither be known nor be 
easily calculable. 

We propose to use the calculus method in 
slightly more complicated cases in a later 
section (§ 47). We give now two examples 
involving the position of the centre of pressure 
of the immersed rectangle, found in the 
preceding sections. 

37. Example 1. — One end of a trough of rect- 
angular cross-section 3 ft. wide by 4 ft. deep 
is hinged along its lower edge and is kept in position by a horizontal 
force P lb. wl. applied to the 7nid-poini of its upper edge. If the trough 
is just filled loiih water, find the least value of P necessary to prevent 
water flowing out. {The density of water = 62-5 lb. per cubic foot.) 

(H.S.C.) 

Let AB (Fig. 64) represent a section of the end of the trough, with 
A at the surface and B at the line of hinges. Then if H is the centre 
of pressure of the rectangular end 

AH = |AB 
= 1 X 4 ft. ; 

.-. BH == ^ X 4 ft. 

The centre of gravity of the rectangular end is at a depth of 2 ft., 
therefore, total thrust on end (T) = 3 X 4 x 2 X 62 J lb. wt. 

Taking moments about B, the least force P is given by 
P.AB = T.BH: 

P X 4 = 3 X 4 X 2 X 62| X 4, 
giving P = 600 lb. wt. 


4 ' 


H 


B-i- 


Fig, 64. 
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E xam ple 2 — A loci gate ts 6 Jt mde The waler on one side has 
a depth oj 12 ft and on the other side a depth of 1 Jt Find Ihefiuid 
thrust and centre of pressure for each side, and hence find the magnitude 
and line of action of the resultant force on the gate 

The thrust on the 12 ft deep side 

= area x w x depth of C G of area 
= 96 X w X 6 = 576w 
= 576000 oz wt 

and acts m the vertical median line at a depth of | X 12 or 8 ft te 
4 ft from bottom of gate 

Thethnistonthe7ft deepside 
= 56 X «5 X 31 = 196ir 
= 196000 oz vrt, 
and acts at a depth of | X 7 or 
4| ft i f 2J ft from bottom of 
gate 

Thus forces are as m Fig 65 
The resultant — {576000 — 
196000) oz = 380000 oz wt and 
acts IQ the median hue at a dis 
tance* from the bottom where z is 
63 given bj 

380000Z = 576000 x 4 — 196000 X 2^ , 

X = S76 X < - 196 X 2i f, ^ J 80 (t 
3S0 

Thus the resultant force — 380000 oz wt or 10 6 ton wt nearlj , 
and acts at a point on the vertical median line of the gate 4 86 ft from 
the bottom 

38 The centre of pressure on a combination of simple geometncal 
figures immersed vertically in a flmd 

In § 28 we found that we could obtain the total thrust on an area 
which could be considered as the sum or difference of two or more 
simple geometrical shapes and we may frequentlj adopt exactly 
the same procedure in determining the position of the centre of pressure 
of such an area The method will be clearly illustrated by the follow mg 
examples 

Example 1 — Find the position of the centre of pressure of a rectangle 
immersed lertically in a fluid with tto upper edge horizontal and at a 
depth h 

Let ABCD (Fig 66) represent a rectangle immersed vertical!} in 
a fluid of density p, having AB (of length 6) horizontal and at a depth h, 
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the side BC being of length a. Produce the vertical edges to meet 
the surface in E and E. The rectangle ABCD may then he considered 
as the difference between tlie two rectangles EFCD and EFBA, both 
having one edge in the surface and consequently the positions of 
their centres of pressure is known. It is convenient to draw up a 
table as follows; — 


f (a + Jt) 
Z 


where Z denotes the required depth of the 
centre of pressure. Taking moments for 
these thrusts above the surface EF, we 
have 

thrust on area ABCD X Z + thrust on 
area EFBA X its depth of C.P. = 

thrust on area EFCD X its depth of 
C.P. 
i.e. 

p .(ih {Ji "h'ia) X Z “h p , hh X ' 3 /^ — 

p .6 (a + /;) . J (« + /<) X § (« + Pig. 60. 

he. + (u + /.)- 

4 [(« + — i'*®] 

^ (o + 2h) 

„ a® + 3aVi + 3ah^ 

® ‘ a (ra + 2h) 

- c «“ + + 3Jr 

® ’ a + 2/i 

This is the depth of the centre of pressure, and on putting h = 0, 
this reduces to Z = |a, the result we have obtained earlier for the 
depth of the centre of pressure of a rectangle immersed vertically in 
a fluid with one edge in the surface. 

Finally, the position of the centre of pressure is fixed since its 
depth is now known and since it must lie on the line joining the 
mid-point of AB to the mid-point of CD b)' symmetry. 



Depth op Centbe 
OF Peessure 


Rectangle 1 Area Total Thrust 

b (a h) p.b (a + /#).! (a -t- /i) 
bli p.bJi.ih 

ab p.ab. {h -{- ^a) 


IKTEB. UVD. 


0 
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Example 2 — Find the depth of the centre of pressure of a triangle 
immersed vertically in a fluid unih one vertex tn the surface and the other 
Uio lerlices at depths d^ andd^ 

Let ABC (Fig 67) be the tnangle and let CB produced cut the 
surface in D where AD = a 

The triangle ABC is then the difference of two triangles, namely, 
ADC, ADB, both of which have an edge m the surface and consequently 
we may easily find the total thrusts on these triangles and the depths 
of their centres of pressure Thus we may obtain the total thrust on 
the tnangle ABO b} sabtraction and then proceed as in the last 
example to find the depth of the centre of pressure of the triangle 
ABC Let this depth be Z and let p be the density of the fluid 



Fig 67 


We draw up the following table — 


Tbiawgle 

Area 

1 Total Thrust 

Depth of Centre 
OF Pressure 

ADC 


j 

p \adt Jdj 


ADB 

\adi 

j P i<K^i H 

|di 

ABC 

1 

1 

1 ^ 


In this table we have not obtained total thrust on the triangle 
ABC from the pressure intensity at its centre of gravity, but by sub 
tractmg the thrust on the tnan^e ADB from the thrust on the 
triangle ADC 

Thus, thrust on triangle ABC = p jodj — p 
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If we now take moments for these total thrusts about the surface 
AD we have 

thrust on A ABC X Z + 

thrust on A ADB X id, = thrust on A ADC x id.j 


ap 

6 


^-{d,^-d,>)Z + -i.di 


|rf/xK 

2 (d,r - d,-) Z + ■■ 


ap 


X id„- 


^2® - d,^ 


2 id,^ - d,~) 

__ 4° + dJ, + d,^ 

2 (^^2 + d,) 

From this result we may deduce the position of the centre of 
pressirre of a triangle immersed vertically in a fluid with oue vertex 
in the surface and the opposite side horizontal at a depth h. 

Putting dj = dj = h in the above 
result, 

2(A+/0~ 

~ 4A 

= |A. 

Example 3 . — Find the depth of the 
centre of pressure of any triangle iminersed 
vertically in a fluid. 

Let ABC be the triangle (Fig. 68). 

Produce BA to meet the surface in D. 

Join CD. 

Then if a, j8, y are the depths of A, B, C respectively, we see from 
the last example that the centre of pressure of the A DEC is at a 
depth ((S^ + jSy + y^)/2 (|S -J- y) and the centre of pressure of the 
A DAC is at a depth (a® -f- ay + y®)/2 (a + y). 

Also depth of C.G. of A ^ of sum of depths of the points 

D, B, C = ^4^; 



the thrust on A DBG 


A DBG X xvx 


fi + y 


the thrust on A DAC 


A DAC X w X 


ft + y 


(§ 26 ) 


DBX (i3 + y) _i S(;3 + y) , 

DA X (a -f y) a (a + y) ’ 


3 
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depth of centre of 


^ f/S + y) X 


2(j3+y) 


— o (a + y) 


^ + ay + / 

2 (g + y) 


'^W + y) —a{a + y) 

(see Tutorial Statics, § 84) 

^ + /Jy + y*) - a (a* + ay 4- y*) 

2{^(/?+y)-a(a4-y)} 

- a?) 4- - «*) y + - a) y* 

" 2 - a*) 4- (^ - «) y} 

4- a^ 4- a*) 4- 4- a) y 4- y , , , , ^ 

2((^“;jTyt ' 

2 (a 4- ^ 4* y) 


Hzaaple 4 — find (he position of the centre of pressure of a square 
immersed in a fluid with one comer tn ike surface and a diagonal vertical 
Let ABCD (Fig S9) represent the square with AC (of length 
vertical Produce CD, CB to meet the surface m E, F respectively 
Then the square ABCD ts the difference between the triangle CEF 
and the two small equal triangles ADE, ABF Since all these triangles 
have a side in the surface we may easily write down the thrusts on 
them and the depths of the centre of pressure of each of them From 
the geometry of the figure AF =! AE = h and B, D arc each at a depth 
of JA 

Thus we have the following table — 


Triat>gle 

Area 

Thrust 

Depth op Centre 
or Pressure 

CEF 

A* 

/>A«- 


ADE 

JA> 


ih 

ABF ' 

}A" 


ih 


Since 

area of square ABCD = area A CEF — area A ADE — area A ABF, 
we have 
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thrust on square ABOD = thrust on A CEF — thrust on A ADE 

— thrust on A ABF, 

== yji? - - -hpP. 

= Iph^. 

If the depth of the centre of pressure of the square be Z, we 
liave, by taking the moments of the thrusts about the surface, 

X E = IpP X i/i — 0-4 pP X i 7 i — 2-4- ph^ X 

= - -hph* 

== -Isph^; 



c 

Fig. 09 . 


i.e. the centre of pressure of the square is at H, where AH = 
j-o-AC, or if a is the length of a side of the square 

AH = '^ 2 .2o cos 45 
_7oV2 
~ 12 ■ 

39. For an area immersed at any angle in a fluid, the position of the 
centre of pressure relative to the area is unchanged by rotating 
the area about the line of intersection of its plane with the surface. 

In all our considerations of the position of centres of pressure so 
far, we have always stipulated that the area be immersed vertically 
and we indicated earlier that this involved no loss of generality. We 
will now establish the theorem which confirms this statement. 

Consider § 33 again and let Fig. 70 represent a sectional or “ end-on ” 
view of the area in Fig. 56. Let AB be the “ end-on ” elevation of 
the plane area considered in that section, and suppose that BA produced 
meets the sruface in 0. The total thrust (T) on the area acts at H 
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SO that H IS the position of the centre of pressure Noiv suppose 
that the \ertical line OAB rotates through an angle d degrees into the 
position 0 V'B' The plane of our immersed area is now at an angle 6 
to the vertical, and if H' is the new position of the centre of pressure 
we will proi e that H rotates into H', » e that the position of the centre 
of pressure of the area is unchanged relative to the area 

The element of area Oj, which was at a depth Sj, is at a depth 

?, cos 6 after rotation, so that 

thrust on element = po,t, cos 9, approvimately 
Therefore, with the iiotatiou of § 33, 

total thrust on area = bmit of 2^^ po^, cos 6 
= limit of p CH73 6 a^f 
s=: p cos $x limit of OfZf (i) 


O 



But the moment of the thrust on the element about the surface 
= cos e rj cos e appromnistelj*, 
so that the total moment about the surface 

5= bmit of ^ 

= limit of p cos* 6 a,r,* 

s= p cos* $ X limit of OfZf* (u) 

since p and 6 are constant for all elemeuti, and where the himts are 
tahen as n -»• oo but subject to 

«! + Oj + <*1 + +‘*11 — whole area as m § 33 
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If the depth of the centre of pressure (H') in the new position is Z' 
we have, from (i) and (ii), 

Z' X total thrust on area = total moment of thrust on area, 
i.e. Z' X p cos 9 X limit of HapZf = p cos^ 6 x limit of 

limit of 

■■ IHTrfaS 

= cos 0 X Z, from § 33. 

But Z' = OH' X cos 9; 

OH' = Z = OH; 

H rotates to H', so that the position of the centre of pressure 
relative to the area is unaltered by the rotation. 


Example 1 . — A rectangle is immersed in a fluid with two edges 
horizontal and at depths 
2 ft. and 7 ft. Find 
the depth of the centre of 
pressure of the rectangle 
if its plane is inclined 
at 30° to the horizontal. 

Let AB (Fig. 71) re- 
present a section of the 
rectangle and let BA 
produced meet the sur- 
face in 0. The centre of 
pressme of the rectangle 
is at H. 

Then, for Example 1 , § 38, if AB were rotated about 0 into a vertical line, 

<F 3ah -h 37(^ 



2 . 
3 - 


OH: 

where a = AB, h — OA. 

In this example OA cos 60° : 


a -j- 2/( 


(i) 


2 ; 

OA = I ft. = h, 
and AB = 10 ft. = a. 

Substituting these values in (i), 

OH = 


100 - 1 - 120+48 


10+8 


= ¥7- ft- 
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Therefore 

depth of H below soiface = OH cos 60® 

= V7-xift 
= 496 ft 

40 Centre of pressure of area immersed m several fluids which do 
not rriTT 

In § 33 where we discussed methods of finding the position of the 
centre of pressure of a plane area, we assmned that the flmd was 
homogeneous If we are dealing with an area immersed in several 
different layers of fluids with different densities, exactly the same 
fundamental method is applicable, bnt care has to be taken in finding 
the pressure intensity at any particoiar depth For instance, if a 
layer of density and depth d rests on another hqmd of densitr 
Pi Pi) then the pressure intensi^ due to the liqmds alone at a 
depth of 2 below the common surface is 
Pid + p^ 

Consequently we may, as m § 33, find the thmst on an element and 
hence the total thrust on the area, the moment about the surface of 
the thrust on the element and hence the total moiqent, so that we may 
find the depth of the centre of pressure by nsmg the moment equation 

An alternative method which may sometimes be quicker is to 
suppose that all the liquids have the same density, hut that the thickness 
of each individual layer is altered so that the pressure intensity at 
eiery pomt of the area is the same as it is in fact Thus, m the 
example above, if we suppose the upper layer of hquid also to be of 
density then its depth (A) most be such that 
PjA = Pid. 

since ftd is the pressure intensity dueto the liquids alone at the common 
surface 

• Therefore 

Pi 

We propose to work through an example by both methods for the 
sake c/ csaapansisff 


Example 1 — A layer of liquid of density p and depth a, u super 
imposed on a layer of liquid of density 2p ond depth > 2fl A square 
lamina of side 2a is immersed vertieaUy vnth its upper edge in the surface 
common to the Itco liquids Find Ike centre of liquid pressure below the 
upper edge of the lamina [Inter Sc) 

Method (i) — ^The square lamina la represented m Fig 72 Con 
Elder a homoutal element at a depth z below the common surface 



AREA IMMERSED IN TWO LIQUIDS 


89 


of width Sz. Then the pressure intensity at this depth is pa -j- 2 pz 
and consequently we have 

thrust on element = 2a8z {pa + 2pz) ; 
moment about free surface of thrust on element 


= 2ahz (pa + 2pz)(a -f z) 

since a -j- s is the depth of the element below the free surface; 
total moment about free surface 


rza 


2a {pa 4" 2pz){a -f- z) dz^ 

- 0 

where the range of values for z (which is measured from the common 
surface) is 0 to 2a. 



Fig. 72. 


Thus 


f 2a 

{a -f- z){a + 2z) dz 

0 


f2a 

= 2ap\ 

J 0 


{a- -j- 3az + 22-) dz 


„ r , , 302 * 22* -|*“ 

= 2ap[a*2 + — 

= 2ap [2o* + 6o* + -3-0*] 

= 


(i) 

Also, since the pressure intensity at the centre of gravity of the square 
lamina =pa-\-2p.a 

~ Sap, 
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have 

total thni't on square lamina *= (3(i)*.Sa/> 

= ]2aV> 

Thu> if 2 is the depth below the commoin surface of the centre of 
pre«^ure of the “qiiare lanuua, the moment of the total thrust about 
the free '‘Uifaee 

« 12a*^(Z-i-o) (u) 

and equatma th« to (il, 

12aSp(Z+«)=^jVp» 

. z^« = n-» 



Fig n. 

d/rtAoiI lu) — ^The pre'oure lateiu-itr la the common ■‘urfate t- o;>, 
ard «o we mav theoreticallv replace the npper bqtud bv one of densitv 
proa idma it> thictiie*to » ja Moee then the pressure mtemitv in 
the common surface, i e |o (Sp), is still equal to ap (Fli T5) Thus 
OUT jaoHem leiloces to findms the centre of preNjUte of a •square 
immeretxl verticallj in a homc«eneoas liquid of densitv -p with it' 
upper edre hortrontal and at a depth la freni the theoretical free surface 
T^is Is a particular case of the rectancle, vertical edce o, np^vr eilre 
at depth I, whwh ire solved in $ 5S (BiamjJe 1), when we found 

depth of C. of P I>elow &ce *urface = | . ^ X 

To U'C this result to find the depth of the centre of pressu-e of 
the square lamina we replace o br ^ and i bv Then (u) become* 
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depth of C. of P. below _ „ 4a” Ga.la + £a- 
f/icorcficfll free surface 2a + a 

_ 31a 

“T8‘ 

Thus, the depth of tlie centre of pressure of the square lamina below 
the common surface 

31a a 

_ 11a 

~ "9 '■ 


Exercises V 


Tnko flic (lensit 3 ' of water as C2-6 lb, per cub. ft. 

(1) A water tank has a rectangular section of height 4 ft. and width 6 ft. 
Find the total liquid thrust on an end when the tank contains water to 
a depth of 3 ft., and the height of the eentre of pressure above the base. 

(2) A right-angled triangle of sides 3, 4 and 6 ft. is immersed vertically in 
a liquid and has its hj'potonuso in the surface. Find the depth of the 
centre of liquid pressure. 

(3) If, in the last question, the triangle is immersed so that its plane makes 
an angle of 10° with the surface instead of being vertical, find the depth 
of the centre of liquid pre.ssure. 


(4) A triangle ABC, right-angled at A, is immersed vertically in a liquid of 
density 90 lb. per cub. ft., with AB in the surface. If AB = 2 ft., 
AC = 4 ft., find the total liquid thrust on the triangle and the distances 
of the centre of pressure (H) from A, B and C. 


-iefri 


(5) A lock-gate, 14 ft. high and 10 ft. wide, has water to a height of 12 ft. 
on one side of it and to a height of 8 ft. on the other. Find the magnitude 
of the resultant thrust on it and the position of the centre of pressure. 

The depths of the water on tho two sides of a lock-gate are 12 ft. and 4 ft. 
Find the resultant force on tho gate duo to tho pressure of the water, 
and prove that it acts at a point W'hose height above tho bottom of tho 
look is 52 in. Take the breadth of the gate to be 15 ft., and 1 cub. ft. 
'f’water to weigh 62-5 lb. (Inter. Sc.) 

TT) The vertical side of a tank of water contains a square trap door, edge 
2 ft., which is hinged along its lower horizontal edge, and is kept from 
opening outwards by a string attached to its upper edge, which con 
support a maximum horizontal thrust of 18 lb. wt. Prove that the trap- 
door will begin to open when | of its area is covered. (Inter. So.) 


(8) A rectangular lamina of sides a, 2a, is immersed vertically in a liquid 
with the side of length a in the surface. Show that tho distance between 
the centres of pressure of tho two triangles into which tho lamina is 
divided bj' a diagonal is 6a/8. 
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(dj A sqture lamtnA AECD of Bd* 3a is immersed rertjcallj m Iiqaid, mth 
AB in the eqt&cc A tnangnUr portioa of heigfit a, -chose base of 
length a lies m AB, is removed. Find the depth of the centre of pressure 
of the temammg portwn. (Inter Sc ) 

(10) A reetangle ABCD of height 6 ft u immersed verticsUj m water with 

the edge AB in the water anr^ce The diagonals AC, BD intersect at 
O Show that the centre of pmmre of the triangle AOD is at a depth 
of Sift (Inter Sc) 

(11) Two opposite edges of a rectangle are honzofltal and at depths i(, h below 
the 5or&ce of s liqosd, prove bv direct integration that the depth of 
the centre of pressnrc la 

(12) A tectangnlar area is unmereed vertically in water With one sidehomontal 
at a depth of 9 ft , and the opposite aide at a depth of 15 ft Show that 
the centre of preasnre la 3 in below the middle pomt of the rectangle 

(13^^ flat-bottomed tanh is divided into two compartments bj a vertical 
door of width 3 m Find the tnagnitnde, directioa and position of the 
resnltaot hydrostatic thrust on tbe door when one compartment u filled 
with oil of density 1 3 grm per cxm. to a depth of 10 in., and tbe other 
u filled with adiflerentoil of densityS-Ognn percem toadeptbofUOm 

(14) A tiuogle ABC, right-angled at A, u unisersed vertially in a bqmd 
with A m the eorface and BC honzonta) If tbe side AB (of length o) 
13 incbsed to the bomo&tal at an angle fi. find the perpendin^t distances 
of the centre of pressure from tbe tbiee sides 

(15) A square lamina la partly unmersed in a nniform liquid with its plane and 

one diagonal vertical The length of the diagonal u 2a and the depth 
below the surface of tbe lowest corner u 3a 3 Find the depth of the 
centre of pressure of the part immersed. (Inter Se ) 

(16) In both the cases below, the lamina la immersed vertically in a Lquid 
of nnifortn density Find the depth of the centre of pressure is terms of 
tbe given quantities 
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(18) I'ind, by diroot integration, the depth of the centre of pressure in each of 
the following oases: — 

(i) A rectangle of sides a, b immersed vertically in a fluid with its upper 
edge (6) horizontal and at a depth h. 

(ii) A triangle ABC immersed vertically in a fluid with A in the surface 
and BC horizontal at a depth h. 

(iii) A triangle ABC immersed vertically in a fluid with A at a depth k 
and BC horizontal at depth A + k. 

(19) Find the position of the centre of pressure of a triangle whoso plane is 
vertical, its base being horizontal at a depth of 4 ft. below the surface 
and a height of 12 ft. above the opposite vortex. 

(20) ABC is a triangular area immersed vertically in water with C in the surface 
and AB horizontal; show how to divide the area by a horizontal lino, 
PQ, into two portions on which the pressures are equal, P and Q being 
points in AC and BC respectively. 

^ If A is the length of the perpendicular from C on AB, prove that the 
height above AB of the centre of pressure on the area APQB in the above 

case is \h (3 X 4^ — 4). 

(21) Show that the depth of the centre of pressure of a rJiombus totally 
immersed in a homogeneous liquid with one diagonal vortical and its 
centre at a depth A is (d- + 24h-)l24h, where d is the length of the 
vortical diagonal. 

(22) A square, with sides of length a, is immersed vertically in water with its 

centre at a depth A (> If the square is rotated in a vertical 

piano about its centre, show that the depth of the centre of pressure is 
constant and equal to (re- -f- 12A-)/12A. 

(23) Find the depth of the centre of pressure of a rectangle immersed vertically 
in a liquid whoso density varies ns tho depth below the surface, the upper 
edge of tho rectangle being in the surface and the lower edge at a depth re. 

(24) A cubical box, whoso inner edges are I ft. in length, is standing on a 
horizontal base and is half filled with water and half with mercury of 
specific gravity 13-6. Find tho total fluid thrust in lb. wt. on a vortical 
face of the box and tho depth of tho centre of pressure on this face. 

(25) A parallelogram is immersed vertically in a liquid whose densitj- varies 
as tho depth below the surface, with two of its sides horizontal at depths 
re and b respootivel 3 *. Show that tho depth of tho centre of pressure 
is 3 (i> - a‘)/4 (6’ - a=>). 


ANSWERS 

1. 1687-5 lb. wt., 1 ft. 2. 1-2 ft. 3. 2i in. 

4. 480 lb. wt., AH = CH = V5 ft., BH = 2i ft. 

6. 25,000 lb. wt., 5-067 ft. above bottom of gate. 

6. 60,000 lb. wt. 9. 03a/46. 
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Again, if i denotes the depth of the centre of gravitj of the area 
below the surface, we have from the definition of the centre of graMtj 

A5 = lim 27^ afir (m) 

n~*-oo 

Using relations (ii) and (in) m (i), we obtain 



so that the depth of the centre of pressure below the surface is ^he 
square of the radius of gyration of the area about the surface divided 
by the depth of the centre of gravity below the surface 

By the theorem of parallel axes (Tutortol Dynamics, ^268) we 
uvay obtain th» leautt tn a racie touvtuvenl form b> expremwg the 
radius of gyration about the surface bne SS (Fig 74) m terms of the 



G G 

F«g 74 


radius of gjration about a line GG through the centre of graMt> of 
the area parallel to the line of mtersection of the area and the surface 
and the depth of the C G 
This theorem states that 

+ =* 

where is the radius of gyration of the area about the axis GG through 
the centre of gravity 
Thus (iv) becomes 



Consequently, if we know the depth of the centre of gravity of 
ail area below the surface and also its radius of gjTation about a 
horizontal axis through the centre of gravity in the plane of the figure. 
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tlicn we may write down immediately the depth of the centre of 
pressure. 

It may here he noticed that the position of the centre of pressure 
coincides ndth the centre of osciUalion (see Tutorial Dynamics, §§ 286, 
287), i.c. if the body were oscillated about a horizontal line in the sur- 
face perpendicular to the plane of the paper, then the depth of the centre 
of gra%-ity is equal to the length of the simple equivalent pendulum. 

Example 1 . — Find the depth of the centre of pressure of a rectangle 
immersed vertically with two edges horizontal, the uppermost being at a 
depth h and having a vertical edge of length a. 

For this rectangle 

<1 

(Tutorial Dynamics, § 270) 

and £=:/{ + iff. 

Therefore Z — — p-r- . + // + iff 

12 (h -h iff) 

ff^ 3 (ff d" 2//)** 

^ 6 (ff -1- 2h) 

4«2 + 12ff;i 4- 12A2 
~ 6 (o 4- 2h) 

_ , (I* -f 3ff/i -h 3/j* 

■* ' ff 4- 2/( 

iVe obtained this result in § 38, Example 1 . 

Example 2 , — Find the depth of the centre of pressure of a circle 
immersed vertically in a liquid. 
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The radius of gyration about the diameter AB is Jr (Tulonal 
Dynamics, § 276), 



and the depth of the centre of gravity of the circle (t e the centre) is A 

Thus Z = ^~+h, 

in 

and for the case when the circumference of the circle touches the 
surface, h = r and 

Z=f + Jr 
“ 4 


E x ample 3 — A triangle ABC i 

P 



immersed in a liquid iinth AB in 


the surface and CD in 
dined al 60® to the ler/t 
cal, where D ts the foci 
of the perpendicular from 
C on to AB Find the 
depth of the centre of 
pressure 

Let CD = A Fig 76 
represents an end view, 
G and H being the 
positions of the centre 
of gravity and centre 
of pressure respectively 
S IS the end view of the 


line of intersection of the plane of the triangle and the surface 

Thus the distance of G from S is |A and if we now denote the distance 
of H from S by Z we have 



where 2 is measured along the plane of tbe triangle (see § 39), te 2 = |A 
The radius of gyration of the triangle about the side CD is — (see 
Tutorial Dynamics, § 274), so that 



= ih 
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Thus PH (the depth of the centre of pressure) 

= Z cos 60° (by § 39) 

= \h.\ 


43, The depth of the centre of piessnie of any plane area irmneised 
in a fluid is greater than the depth of the centre of gravity 
provided the area is not horizontal 

If the area is immersed vertically, then with the notation we have 
used previously, Z denotes the depth of the centre of pressure and "z 
■ the depth of the centre of gravity. 

If the area is immersed at an angle, we let Z, z denote the distances 
of the centre of pressure and centre of gravity tespectively from the 
line of intersection of the plane of the figure and the surface (see § 39). 

If the area is horizontal, then since both the centre of pressure 
and centre of gravity are points on the area, they are both at the same 
depth. 

From the last section we have [equation (vi)] 



where is the radius of gyration of the figure about a horizontal line 
through its centre of gravity. 

Thus Z-z 

z 


Since is essentially positive, > 0, so that 

z 


Z> z. 

IVe notice that since k~ has a constant value for any particular 
figure, 

as z-^ zo, 

~z 

i.e. the distance between the centres of gravity and pressure becomes 
zero only at an infinite depth. 


Example 1. — A rectangle ts immersed vertically in a fluid with two 
of its sides horizontal, the upjKrmost being at a depth h. Shoiv that the 
centre of pressure is at a greater depth than the centre of gravity and 
find the value of h for tvhich the difference between the depths of the centre 
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of pressure au/i cen/re of granty t$ jJdO. a i? the letigth of the 
rertieal side of the rrelanyle 

The depth of the centre of gjaTity is A + ^ 

The depth of the centre of pressure is f \ see § 38, 

a + 2A 

Example 1 

Therefore, the depth of the centre of ptC'Sure is greater than the 
depth of the centre of gravity if 

2(n*+3<iA-r3AS) , a 

3 ST2A >*+? 

I e if 4 (a* + 3aA + SA*) > 3 (» + 2A)* 

1 f if ^<1* + I2oA + 12A* > 3a» -f 12flA + 12A* 

1 e if fl* > 0, 

which Is alwaj*s true 

Thus, the difference between the depths of the centre# of prcNSure 
and gta\ itr 

2 ( 0 * -r 3aA + 3A*) /, , o\ 

= 3 — r + s) 


6(o4-2A)' 

when A s 0, thi# difference =- (which is clear independenth , 

> 0 

since then a side of the rectangle is in the surface and the difference is 

l“-2“ = 6) 

As A -»• 00 , jTTT -*• O '!o that the greater the depth of 

6 (o 4" 2A) 

immemon, the more nearly do the centres of gravity and prc‘!#ure 
comcide 


^hen 


i 


6(a+2A) 100’ 

100o*=6<i» + 12oA. 

or 94a=12A, 

and A = *20 

= 7S3n, 

1 e the upper edge is at a depth of 7 S3a before the difference in depth 
of the centres of pressure and gravity is 
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44. Graphical determination of centres of pressure 

In Chapter IV (§ 32) we considered a graphical method of finding 
the total thrust on an immersed area. We may extend this method 
to find the depth of the centre of pressure. 

We merely ret^uire to find the area, of the second derived figure, 
which is the derived figure of the first derived figure (Fig. 77). Consider 
the typical element CD of the first derived figure. Draw perpen- 
diculars from C and D on to the datum line XX and join the feet of 
these perpendiculars to 0 and let these lines cut off a length c. between 
C and D. 



XL MX 

Fig. 77. 

Then, as in the case of the first derived figure, we shall have, 
from the similar triangles so formed, 

£r ^ 

it 

brZr^JlCr (i) 

The depth (Z) of the centre of pressure below the surface is given by 
lim 

2 — ^ 

n 

lim i7r_j pa^Zr 
n^co 


or 
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hm iJJLi 

n-veo 

total thrust 


lim poMr^ 


pKih 


(«) 


from §32 

When finding the first derived figure we had the relation for the 
typical strip 


from (i) 


a^r =s hbr 
= filh% 


lim filapi* = lim plkh, 

=5 p7<* lim Icr 

= ph‘A, 

where is the area of the second derived figure so that 
A,= lun 

Using this relation in (ii) 



__ area second derived figure ^ ^ 
area first derived figure 

Notice that from the note at the end of § 32 this means that the 
position of the centre of pressure of the original figure is the same as 
the centse of gravity of the first derived figure 

Example 1 — To use the above nethod to determine the deyth of the 
centre of pressure of a rectangle tmmersed vertically jk a fluid with one 
side in the surface 

In general the first and second derived figures are irregular and the 
usefulness of the ahove methods depends on being able to find their 
areas practically as they cannot be found bj calculation In tl e 
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case of a rectangle, however, the first derived figure will be straight- 
sided and we may confirm our results as follows. 

Let ABGD (Fig. 78) denote the rectangle; then if 0 is the pole 
chosen, the triangle ODC will be the first derived figure, so that 

depth of centre of pressure depth of centre of gravity 

of rectangle ABCD . of A ODC 

= P, 

where h is the length of the vertical side of the rectangle. 

We have obtained this same result earlier by other methods. 

45. Effective surface 

In the last two chapters we have been primarily concerned with 
the total thrust and centre of pressure of an immersed plane area due 
to the liquid alone and consequently we have omitted the atmospheric 
pressure from the expression for the pressure intensity at a depth in 
the liquid, taking simply 

pressure intensity at a depth z due 

to the liquid alone = pz. 

ff, for any reason, the absolute 
total thrust on a plane area is required 
we need to use (see § 17) 

pressure intensity at depth z = P + pz, 

where P is the atmospheric pressure. 

This may most easily be done by 
imagining a layer of liquid of height h superimposed on the liquid we 
are considering and of the same density p, such that the increased 
pressure intensitj due to the superimposed liquid alone is equal to 
the atmospheric pressure. This will be the case when h is given by 
P = p7i and then 

pressure intensity at depth z — ph pz 

= p[h z). 

This says, in effect, that the inclusion of the atmospheric pressure 
is the same as supposing that we had a layer of thickness h of liquid 
superimposed on the true surface and that at the imaginary surface 
of this layer there is no atmospheric pressure acting. This imaginary 
surface is called the effective surface. 

Example . — To find the height of the effective surface for water weigh- 
ing 62i lb. fcr cub. ft. if the atmospheric pressure is IA7 lb. wt. per sq. in. 
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The height of the efrecU\ e surface is given by 
/>^ =» 14 7 lb /sq in 

= 14 7 X 144 lb /sq ft , 

, 14 7 X 144 , 

* = — 62 }— 

= 33 87 ft 

The conception of an effective surface may consequent!} be used 
to End the absolute total thrust on a plane area and the position of 
the absolute centre of pressure as distinct from the total liquid thrust 
and the centre of liquid pressure 



Fig TO 

46 Practical applications Retauung walls and dams 

Av eryimportant practical application of the know ledge wehav egained 
of the total thrust of a liquid on an immersed area and of the position of 
its resultant occurs in the construction of retaining walls and dams 
Let us take the simplest case of a retaining wall of rectangular 
section and consider the forces acting on it per unit length of wall 
when it keeps back a certain height of liquid From this we mav 
determine the necessary thickness of wall in order that the wall will 
not fail by (o) overturning or (6) breaking 

{«) Failure bi/ Overturning — LetABCBfFig 79) represent a section 
of the wall, height b ft and thickness o ft , which keeps hack a liquid 
of depth h ft 
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The thrust of the liquid (P) uill act at \h above the base and the 
weight of the wall (W) acts through the centre of gravity of the lyall. 
These are both forces per unit length of the wall and it is clear that 
the wall will not overturn if the moment of W about C is greater than 
the moment of P about C, since C is the corner about which overturning 
would take effect. 

Thus the wall will not overturn if 

W X ia > P X Ih (i) 

If the material of the wall weighs w lb. wt. per cub. ft., then the 
weight (W) of 1 ft, length of wall is wab lb. wt. 

If the density of the liquid is p lb. per cub. ft., then from the rule 
for the total thrust 

¥ = ph lb. wt. 


.Substituting these values of P and \V in equation (i): wall will 
not overturn if 

hu'o^b > JpP, 


i.e. if 




3wb‘ 


Assuming that b and h are fixed quantities, this determines the 
thickness a in order that the wall shall not overturn. 

We may achieve this same result by the alternative method of 
finding the position of the line of action of the resultant of P and W. 
This method has advantages, as we shall see later, when considering 
the breaking force in the wall. 

Let 0 {Fig. 79) he the point of intersection of the forces P and W 
and let the resultant (R) of these forces cut the base CD in L. Then, 
if M is the mid-point of CD, the triangle OLM is a triangle of forces, 
so that we have 

W P _ R 
OM ~ LM “ OL‘ 


The first two of these gives 


LM = 


P 

W 


.OM 


A 

wab' 3 

p¥ 

3wab' 
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Clearly the wall will no^ overtorQ if L is to the left of C, 
» e if LM < 


t e if a* :> ~ — 

3ub' 

which IS the same result as we obtaiaed before 


(b) Failure by Breaking — In general, long before a wall would 
fail by overturning it would fail by crushing or rupture and care must 
be taken in designing a wall that the resultant of the weight of the wall 
and the thrust of the bquid does not act at such a point as to induce 
this to occur The assumption made is that a masonry wall is not 
expected to be able to withstand tensile stress, only compressive 
stress It is shown m books on hydraulics that in order that there 
shall be no tensile stress m the wall, the resultant must cut the base of 
the wall within the middle third of its thickness 

Befemng to Fig 79 again on this assumption m order that there 
shall be no tensile stress across the base of the wall, 

LM must be less than 7, 

0 


ph* a 
6mtb 6’ 



gmng a greater safe tbicknesa than that necessary only to prevent 
overturning 

So far we have considered the retaining wall as a whole, but it is 
clearly necessary to consider the stability of any portion of the wall 
with respect to any horizontal plane — ^not only the base 

Consider the same wall of rectangular section, but, for simpbcity, 
suppose the bquid rises to the top of the wall Let LF (Fig 60 ) be 
any honzontal section of the wall at a depth y below the top of the 
wall We may consider the forces acting on the part ABFE and find 
the point P, where their resultant cuts the plane EF The locus of 
the point P 13 called the line of resisfance for the wall 

The forces on the part we are considering, namely ABFE, are its 
weight which \3 10 ay and the thrust of liquid (Jpy®) which acts at a 
distance \y above EF If K is the point of intersection of the lines 
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of action of these two forces and N the mid-point of EF, then, as 
previously, KNP is a triangle of forces and we have 

KN NP' 

If we denote NP by x, then this is 

loay ^ \py^ 

hy X ’ 


showing that the line of resistance in this case is a parabola, and since 
?/ = 0 when a; = 0, it passes through the mid-point of AB. 

If there is to be no tensile stress anywhere in the wall then for every 



section the resultant of the forces on the wall above the section must 
cut the section withm the middle third of its thickness, i.e. the line of 
resistance must lie wholly within the middle third section of the wall. 

There are many other problems which must be taken into account 
when designing a wall or dam, such as the prevention or allowance 
for seepage of the liquid below the base of the wall with the consequent 
upthrust this would produce — we have simply tried to indicate in this 
section how some hydrostatic principles form the basis on which the 
practical engineer must go to work. 

47. Miscellaneous Examples 

We conclude this chapter with a selection of miscellaneous worked 
examples. 
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^ Esanjple 1 — A pipe of sgttan toctton conla\ns liquid of densitj/ p 
and 14 closed by a trap-door Ain^ along its upper edge and tndin^ 
at 30® to Ibe ceriieal so that the hqutd in the pipe tends to siring the door 
open Find the least ireight of <f<K>r if it does not do so 

Let the 'ide of the square be a ft and suppose that AB (Iig *1) 
represents the trap-door hinged along the edge at \ If G and H are 
the centre of graYity and centreof pressure of the door respectivelvire have 
\G=i\B 

= bj vec 30“ since \B cos 30“ = a 


V3 

id \H = |\B 

_ 4a 
“3^ 

If P 13 the total thm t of the bqmd (which will act at naht ansles 

A 



rig 81 

to the door) then the least weight (W) of the door in order not to open 
wiU be given when the moment of W about A equals the moments of 
P abont 4, 

I e when W AG cos 60’ = P AS 

.rvten ^ 1 = I” 57^ 


and P the total thrn«t equals a X AB X p X In 
I e P = -^po* «=ec 30’ 

— 

V3 

le ^=1^ Ih wt 

3\/3 
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Example 2 . — To find the position of the centre of pressure of a semi- 
circle immersed vertically in a liquid with its bounding diameter in the 
surface. 

Let AB (Fig. 82) represent an element of the semicircle at depth i 
and of thickness 5z. Let its length be 2a:, i.c, x is measured from the 
axis of symmetry, somewliere on which tlie centre of pressure must 
lie, and let r be the radius of the semicircle. Tlicn if p is the density 
of the liquid we have 

Area of elemental stri]> = 2 x 82 . 

Thrust on strip = 2a:8z . pz. 

Moment about surface of 


thrust on strip = 2xbz.pz.z-, 



1 

I 

Fig. 82. 


total moment — 2p\ xz-dz 
Jo 

= 2p('zH/(r= - ==) dz, 

J « 

since r- -p = r". 

To integrate this expression we need to make a trigonometric 
transformation. 

Put s = »• sin 0, 

then dz — r 005 0 d 0, 

and fZ — z-=r^—r- sin= 6 

= r- cos- 6. 

■\Vhcn we cliange the variable from zio 0 we must nko change the limits. 
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Thus when 2 ^ r at the upper limit v,eha\e 

f s= psin 0, 

60 that sin = 1 

te e = ir/2 

and at the lower limit when 2 = 0 
then f 8111 ^ = 0, 

d = 0 

Thus the integral for the total moment 

= 2p| EiH® B r cos B r cos B dB 

= 2pr*|”^’ mu' e cos' S dO 

hut 8in* 6 cos* 0 = i sm* 20 

« J(]t_4cos40) 

Thus total moment = 2/)r*| (i — i cos 40) dB 

= 2 o ^»2 

wpr* 

8 

The total moment equals the total thrust multiplied h) the depth 
of the centre of pressure and the total thrust in this case 
w»* 4r 

~ Y ^ ^ 

= 5/jr3 {see § 27) 

Thus if Z he the depth of the centre of pressure u c ha\ c 



Erample 3 — A reiaimng waU t« to bo biiih »«<A dvnenstont as 
\ndicatei in (he diagram {F%g 83) to l.eop hack oil {specxjic gravtly 1 9) 
The section is o trapozxum the face of the trail in eonfaet tnlh the oil 
15 ivrtical Find the least iretqht per mbte foot of the masonry if the 
resultant of the forces on the trail « to cut the base in/Am its middle third 
11 e first require to find the distance (*) of the centre of gras it} (G) 
of the wall from the i ertical face If the masonry weighs ic lb wt 
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per cub. ft. the -weight of 1 ft. length of the wall is hOic + IStp, i.e. 
75iP. The rectangular part weighs 60io and the distance of its C.G. 
from the vertical face is 3 ft., while the weight of the triangular 
portion is 15iP and its G.G. is at a distance of (6 -f ^ .3) ft., i.e. 7 ft. 

Taking moments about the vertical face, to find x, we have 
60)0.3 + 15?o.7 = 75)03:, 
giving x=i6aft. 

The total liquid thrust on the dam = 10. bp where p is the density 
of the oil. If M is the point where the resultant of the thrust and 


A 6' B 



75w 

Fig. 83. 

the weight cuts the base then, as before, ^ OLM is a triangle of force 
and we have 

75)0 _ 50 /) . 

OL~ LM’ 

.-. LM=;^.OL 
75)0 

~1p 12 

3w 3 
Oto ’ 
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and \f il 13 to be -mtlun the uuddie thud of DC, then DM must be 
Je*s than 6 ft 

tr must be such th&t DM < 6 
20ft 19 

9ir 5 ’ 

‘ e 99/r > lOOp 

«>'»Vp 

If > * 9 ®/ X 62l X 1 9 lb wt pet cub ft 

i« >ll99ib percnb ft 

1 e the masoniy must weigh at least 119 9 Ih wt per cub ft 


Xlxemses VI 

(1) K triangle u immersed rerticaU^ lo a bqiud ant) has a rertex in the 
eorface the opposite side being boruoatal »t a depth A Find the depth 
of the centra of preasora if the radios of gyration of the triangle aboot 
a honzootal Ime throogh lU rertex in the plane of the triangle u A/v'® 

(') Find the depth of the centra of pressure of a tnaogle ABC immersed 
vertically m a Ikjok) with A at a depth p and BC honzoatal at depth 
p + A given that (he radius of gyration of the triangle about a Lne 
through the centre of gravity paraDei to BC is h/i/lS 

(3) If IQ the last i^nestion BC is at a depth p and A at a depth p + A find 
the depth of the centre of pressure 

(4) ABC ts a tnangular area whose base is the surface of water and vertex C 
vertically below AB If A is the length of the perpendicular from C to 
^ and the area is sunk ao that AB is at a depth of nA prove that the 
vertical displacementoflheeentreof pressure mthearea,iSBA/2{3n + 1) 
n<ing the result of Question 3 above 

(6) One end of a trough of rectangular cross section 3 ft wide by 4 ft deep 
hinged along its lower edge and is kept in position by a honronfal 

' force P lb wt applied to tbe mid point of da upper edge If the trough 
IS just filled with water find the least value of P necessary to prevent 
water flowing out (Tbe density of water — 6’ 5 lb per cob ft ) 

(HBC I) 

(fiJ^Using the result of Example 3 {3S prove that the centre of pressure 
of a triangle wholly unmeTsedTertieallv in a liquid is the centre of gcavitv 
of three weights placed at (he middle points of tbe sides and proportional 
to the depths of those pomts 
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^)-Tho door of a watertight compartment in a ship is 6 ft. iiigh and 2 ft. 6 in. 
wide and is hinged along a vertical edge. The top of the door is 7 ft. 
helow tho surface of the sea outside; find (i) the total thrust on tho door, 

(ii) the reaction at the hinge. 

A lock-gate operates by sliding vertically upwards and is supported at 
Jts'uppor and lower horizontal edge.s. Show that, if a be tho height of 
the look-gate, h the depth of the water on the deeper side, A' the depth 
on the shallower side, I the breadth of tho gate, and w the weight of unit 
volume of water, 

the reaction on the top support = id (/;’ — h'^)l6a, 
the reaction on the bottom support = iwl (A® — h'-) — tvl {h^ — h'^)l6a. 

(9) A plane area is immersed in a liquid with its centre of gravity at a depth a 
and its centre of pressure at a depth b. If an additional layer of thickness 
h is now superimposed, show that tho position of the centre of pressure 
rises a vertical distance of h (b — a)j[a -f h) relative to tho area. 

(10) Show that if a rectangle be immersed at different depths, always at an 
inclination B to tho horizontal and alwaj'S with tho same two edges 
horizontal, the centres of pressure and of gravity tend to coincide as the 
depth increases. 

(11) A ciroular lamina of radius 3 in. is immersed vertically in a liquid of 
density p lb. per cub. in., its centre being at a depth 4 in. Find graphically 
the depth of the centre of pressure and compare the result with that 
obtained from E.vamplo 2, § 42. 

(12) A triangle is immersed vertically in water with its base in tho surface 
and the opposite vertex at a depth p. If the height of tho effootive 
surface for water bo h, prove that tho centre of pressure will bo a distance 
!ipj{Gh + 2p) higher than if tho atmospheric pressure were neglected. 

(13) A parallelogram is completely immersed vertically in a liquid with its 
centre at a depth A. below tho surface. If a and 6 are tho lengths of tho 
projections of its sides on a vertical line, show that tho depth of tho centre ■ 
of pressure e.xcoeds tho depth of tho centre of gravity by an amount 
(a- + y-)/12b. 

(14) A right-angled triangle is immersed vertically in a liquid as shouTi in tho 



diagram. Find the position of tho centre of pressure (H) by determining 
tho distances x and y by (i) inspection, (ii) integration. 
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FKE«*rJa: or heatt ixcto'! (i) 


(15) \ kismk tn Ui« fc»ia of a qnadnat cf a rtitk cf radia« r is imsjn>«d 
TortKaDv m a bqmd «iUi ooe «tnigiit edgp m the surfaw Find the 
di$tac(«s of tie ««t» of j»o«snpB from the tin> s tiaisht edjr* 

ftoTe that if a loci u cfoeed bv two eqoal gates nectu^ at an acgt* *, 
^ibe thiost betutewi the g«tea u equal to the throst on each hmse post, 
a&d IS } ctKCC a of tie bTdmstatie thRut vbicli voold be exerted on a 
^gle gate, closing tbe lot^ at nglit acglea to lU la^tb 

(17) Tlie'^te« of a canal lock are each If} ft, wide, tie width of tbe canal 
i< ft ft , the depth cf tbe wafer at one side I* I<i, andat tbeoth*r 12 ft 
Find the mariutnde of the tr<ii)taiit water p g e asnr e ea either gate, and 
show that it acts 7-fi ft ftom tbe bottom Sbow that tbe thrast between 
tbe gateis tbemselre« is about S6 ton weisht 

(IS) A square of aide a ts isuneraed TerbeaDr in a bqud with one comer m 
tbe snriace and a side indined at an angle f to tbe tertieal Sbow that 
tbe diSerenw in depth between tbe wntre of grantr and eentie of 
ptessTue IS o 6 (sin 6 + cos d) 

{1'3) A^gnawmrr retaining wall of mtangnlar section is to be boiJt 12 ft btsb 
keep hscfc water which mac nse to tbe lop of the aalL If the Bisoarr 
weighs loO lb per cob. ft find the mmrmnia width of wall leqnired 
IS order that it shall never slide at its base, tbe eoeSoent of fnetxn 
there being (M 

Piore that, with thu width, the wall wiU t« safe against OTerhminn 

(M) If, u the ta.-t qae*iiotw aa a tafelr preeantioa afunst shding the wall 
i« constncted 8 ft wide, find where the lesoltant of the weisht of the 
wall and the hrdmtatic thrast of the water ents the base Is anr 
tentile «*te<» prodoced la the wall * 

(21) A drain ontkt consi.t* of a V>abaped trough w-th its mtm honzontal and 
an eqnilatecal tnangolar cros s - e ecbon of side 2a It has an obbqoe 
plane end fiDed bj a cSoee-fitting tnaamlw trapdoor, kept shut bv it# 
own amght. The trapdoor is hinged about its upper cdre of length 2a, 
which IS horuoDtal, the remaining sides of the door each being of length 4a 
If tbe trapdoor opens when the depth of liquid in the trough is a, show 
that the wetcht of the trapdoor is 

where w is the wei^t of mut Tcdume of the liquid (H,S.C,, III ) 

(22) A Teasel eontams a hotaoceneo u s fiuid of dmsttr ^ to a depth g'catcr 
than a and above *t»« a beer of depth <f (> s) of homoge neons find 
densitr p, A plane circular disc of radius o is placed m the vessel with 
its {^ane vertical and its centre in the surface common to the two finids. 
Ignonns: atmospheric pressure, show that the dep*h of the centre of 
prta, mf e of the disc bdow its centra ts 

3wCsff >i>a* 

6 13*M - (Pi — ft I *J 


(H5:C.m> 
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ANSITORS 

^ 3ft „ + 8j)ft + 3ft- „ + iph + ft- 

T' • 2 (3p + 2A) '• 2 (3i) 4- ft) ‘ 

5. 600 Ib. wt. 7. (i) 9376 lb. wt.; (ii) 4687A Ib. wt. 

11. 4t% in. 14. X = 36/8, y = 3a/4. 

15. Distance below horizontal edge = Sirr/IG; distance from vortical 
edge = 3r/8. 

17. 30-22 ton wt. 19. 6-25 ft. 

20. 1 -26 ft. from the centre of the wall, away from the water face. No, because 
the resultant lies within the “ middle third ” of the wall. 



CHAPTER VII 

PRESSUKE OF HEA^^: FLUIDS (5) 

Rescltaxt Thrust on aw Surface 

48 Katuie of the piohlem 

.In the last three chapters ire have been concerned with the thrust 
eierted by a fluid on a jiant area and we now want to extend onr 
methods to find the resultant thrust on any correrf surface This is 
more difficult, because in the case of a plane area the thrusts at % anous 
points were all parallel to each other «ince they were all at right angles 
to the area and could, therefore, be compounded into a smgle resultant 
In the case of a cimed snrface, 
however, the thrusts are still all 
normal to the surface («ee 1 4), 
and consequcntlv are m different 
planes so that they cannot be 
added together to gi\e a single 
resultant We can, however, 
resolve the pressure on each 
element of the surface into three 
components at right angles and 
then find the resultant com 
ponent m each direction 

In general, this is as far as 
we are able to go and tie 
84 resultant thrust on the surface 

will be represented by the'^e three 
components in their respectn e planes For instance the horizontal 
plane which contains one of the horizontal components will, m general, 
be a different plane from that which contains the other horizontal 
component so that their hues of action cannot intersect 

If it happens, however, that the three components do meet m a 
point (which IS often the ca<e if the body is symmetrical^ then we maj 
compound them into a single resultant thrust as follows — 

If X and Y represent the resolved components in two perpendicular 
horizontal directions and 2 the component m a vertical direction 
(Fig 84) then H, the resultant of X and Y, is equal to V (X* + Y*) 
bj the paraUelogram of forces and similarly the resultant thrust (R) 
on the surface is the resultant of Z and H and is therefore gi\ en by 

R = V(X*-i- Y« + Z*) 
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We shall show, in the following paragraphs, how to find the resultant 
components in the vertical and horizontal directions. 

49. Eesultant vertical thrust 

To find the resultant vertical component of the thrust of a fluid 
on an immersed surface (generally termed the resultant %'ertical thrust) 
we need only consider the equilibrium of a vertical column of fluid 
standing on the curved surface. 

Let ABCD (Fig. 85) be an area on a curved surface with fluid 
pressing on it from above and let vertical lines be drawn through 
A, B, C, D to meet the surface of the fluid in a, b, c, d. 



Fig. 85. 

Consider the equilibrium of the fluid in the column ABGDahed. 
The only vertical forces on it are: — 

(1) Its weight (W), acting downwards through its centre of gravity, 
and 

(2) The upward component of the reaction (R^.) exerted by the 
surface on the fluid. 

Resolving vertically these are equal and opposite so that 

R, = W. 

But the reaction of the surface on the fluid is equal and opposite 
to the thrust of the fluid on the surface. Hence resultant vertical 
thrust of the fluid on the surface is equal to the icciqht of the column of 
fluid and acts downwards through the G.G. of the fluid. 
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If, on the other hand, the floid presses the surface upwards as in 
the case of the area chosen in Fig 86, exactly the same procedure is 
adopted as hefore Hie pressure intensity due to the fluid depends 
only on the depth below the surface and consequently the thrust on 
the area in this case is equal and opposite to the thrust when the fluid 
presses on the surface from above, tern Fig 86 the vertical com 
poiient of the thrust on the area PQRS is equal to the weight of the 
fluid m the column which would stand on this area up to the surface 
of the fluid, but acts upttarda through the centre of gravity of this 
supposed column of flmd 

VTe have already had an example of this vertical component of 
thrust on a curved surface in § 25, Example 1 There we had a hollow 
cone filled to half its height 
withsea water and we deter 
mined the weight of the 
liquid and also the thrust 
on the base The difference 
was 2 618 lb wt which we 
attnhuted to the vertical 
component of the thrust on 
the curved surface 

In accordance with the 
theory in this chapter we 
may now show that this 
weight IS, m fact, the weight 
of the liquid which would 
stand on the cun ed surface 
Using the dimensions 
given m Example 1, § 25, 
we have — 

>olume of cj Under of height 6 lo , stauding on base of radius 3 in 
= w(})*Jcub ft 

But volume of frustum of cone was i ir cub ft , 

1 olume of liquid which would stand on curved surface 



~ cub ft , 


weight of sea-water which would stand on curved surface 
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= 2'618 lb. wt. 

Thus, the vertical component of the thrust e.verted by the sea-water 
on the curved surface = 2-618 lb. ivt. and acts upwards. 

We leave the solution of further examples involving the vertical 
component of the thrust on a cun-ed surface until we have considered 
the horizontal component. 

50. Resultant horizontal thrust 

We may determine the horizontal component of the thrust on a 
cun'ed surface (the resultant horizontal thrust) by considering the 



equilibrium of a horizontal column of fluid bounded at one end b}' the 
curved surface and at the other by a plane area. 

Consider .Fig. 87. It shows an area .ABCD on a cun-od surface 
(as in § 49), but this time it is projected on to a vertical plane, the 
projection being a'b'c'd'. If we consider ABCD as a lamina completely 
immersed in a fluid, then we may consider the equilibrium of the 
column ABCDo'h'c'd' of fluid. The only two forces on this column 
perpendicular to the plane of projection (j.e. along the a.vis of the 
column) are: — 

(1) The thrust (T) exerted by the remainder of the fluid across 
the plane face a'b'c'd' acting at the centre of pressure of this plane 
area, and 
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(2) The horizontal component of the reaction (Rjj) exerted b) the 
cimed lamina ABCD 

Hence these are equal and opposite, and since the thrust exerted 
by the fluid on the lamma is equal and opposite to the reaction exerted 
by the lamina on the fluid rve haxe — 

Resultant horuontal thrust of the fluid on the area in a guen 
horizontal direction is equal to the thrust which would be exerted 
on the projection of the area on to a vertical plane perpendicular 
to the gi\en direction and acts through the centre of pressure of 
that projected area 

Example — A hollow Jiemxsphencal shdl of radius r a immersed 
in hqu\d of density p vtih a diameter vertical If the centre ts at a dej^h 
I, find the resultant horizontal thrust on the hemisphere 

The projection of the hemispherical shell is a circle, radius r and 
centre at depth I Hence, by the theorem above, the resultant 
horizontal thrust on either side of the curved surface of the hemi 
sphencal shell is equal to the thrust on the circle This, from § 27 
{Case 7), is irr'pi and the depth of the centre of pressure of the circle 

ft 

IS il + 77 from § 42 (Example 2) Thus we know the magnitude and 
position of the resultant horizontal thrust 
SI Examples 

^^e now propose to sohe some problems concerning thrusts on 
cur\ed surfaces in which we may compound the resultant \ertical 
and horizontal thrusts to obtain a single resultant 

Example 1 — A closed cylinder of radius r ft and length I ft is just 
full of liquid of density p lb per cti6 ft If the cylinder is held with 
its axis hon'ontal, find the liepiid thrust on each half of the curved surface 
determined by a horizontal plane through the axis 

The resultant \ ertical thrust on the upper half of the curved surface 
of the cylinder will be the weight of the liquid which would stand on 
this part if the liquid were outside instead of inside, the leiels in the 
two cases being the same Fig 8S shows the section 

Thus the xolurae of liquid standing on the upper half 
= 2r*/- Jwr*fcub ft 
= fr* (2 — iv) cub ft , 
weight of bquid = fr*p (2 — Jw) lb wt 
Hence the resultant vertical thrust on the upper part is Ir^p (2 — Ir) 
and acts upwards as shown in Fjg 83 (smce it acts through the centre 
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acts doicnuards through the centre of gravit> of this column Abo 
the resultant vertical thrust on the lotctr part of the body is equal to 
the weight of the column which would stand on the lower part of the 
surface of the body and acts ujpaards through the centre of gravity 
of this column of liquid, 

1 e the resultant v ertical thrust on the lower part 

= weight of column of fluid standing on body -freight of fluid 
displaced by body 

Therefore, considering both the vertical thrusts on the upper and 
lower parts of the body, we have the resultant vertical thrust on the 
ichole body 13 equal to the weight of fluid displaced by the body and 
acts upuards through the centre of gravity of this displaced fluid 


af- 



This point IS called the centre of buoyancy and the resultant force 
V ertically upwards is called the force of fcuoyoncy 

Since we are deabng here with a body (as distinct from a surface) 
there is no resultant horizontal thrust, because we may always draw 
a Ime round the surface of the body which divides jt into two parts 
which have the same projected areas on a vertical plane so that the 
horizontal thrusts on each part are equal and opposite 

Thus the resultant vertical thmst we obtained above is in fact 
the total resultant thmst of the fluid on the body 

As we have already said, this principle is of very great practical 
importance It was first established by Archimedes and is, in con 
sequence, knovm as Archtmedet’ Pnimpte 
TVe propose to give an alternative proof 

The resultant thrust of a fluid on a solid depends on the shape and 
position of the solid, not on the composition of the sohd itself If 
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vre imagine the solid removed and exactl}' the same shape of fluid 
in its place then the resultant thrust is unaltered. But we now have 
a continuous fluid and the fluid introduced in place of the solid is in 
equilibrium with the rest of the fluid. This fluid has its weight acting 
downwards through its centre of gravity and, since it is in equilibrium 
with the remainder of the fluid, the resultant thrust exerted by the 
original flirid on the solid is equal and opposite to the weight of the 
fluid filling the space occupied by the solid. 

The principle may be proved in exactly the same way if the solid 
is only partly immersed in the fluid and so, finall)-, we may enunciate 
Archimedes’ Principle as follows : — 

When a solid is partly or \cholhj 
immersed in a fluid at rest, the rrs^ilt- 
aiit thrust of the fluid on the solid 
is equal and opposite to the lecight 
of the fluid displaced by the solid 
and acts vertically upwards through 
the centre of gravity of the displaced 
fluid. 

Example 1 . — A solid hemisphere 
of radius r is immersed in liquid of 
density p irith its plane face vertical 
and centre at a depth k. To flnd 
the resultant thrust on the curved sur- 
face of the hemisphere. 

We have already foimd (§ 50, 

Example 1) the horizontal thrust 
(H) on the curved surface of a 
hemisphere. It is of magnitude 
■r-r^pk and acts along the hue BA 

o 

r* 

(Fig. 93) where OA = jr. 0 being centre of the hemisphere. 

‘rrC 

From Archimedes’ Principle the vertical thrust (V) on the hemisphere 
is equal to the weight of liquid displaced by the hemisphere (t.e. 
l~r^p) and acts upwards through the centre of grarnty of this displaced 
liquid. If G is the centre of gravity of the hemisphere, then OG is 
horizontal and equals |r. 

Since the hemisphere is symmetrical about a vertical plane dividing 
it into two quadrants, there is no other horizontal component and the 
resultant thrust (R) on the hemisphere is given by 
R = V (H= -f ■'■=) 

= V (~r*p^l- + 

= -r=p 
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If tte lines of action of V and H intersect m T and 6 is the angle 
that R makes with AT, then 

„ V 
tan 0=i — 


But 


m^pk 

2r 


31 

OA 8 
AT “ 4JL 3r 


~£i 

3k' 

R passes through the centre 0 

This could haie been deduced independently Since every thrust 
on the curved surface is normal to the surface, the Imes of action of 
every thrust on every element must pass through the centre, therefore 
the resultant must pass through the centre 


53. Resultant thrust on a cuired surface enclosed by a plane curve 
If we tec^uire to find the resultant thrust on a curved Buiface 
bounded by a plane curve we need not find the horizontal and lertical 
thrusts separately because the system is m equihbnum under the 
action of three forces 

(1) The weight of fluid enclosed by the curved surface and plane 
face, 

(2) The thrust across the plane face and 

(3) The thrust across the curved surface 

If we know the magnitudes and directions of the first two of these, 
we may find the thud from the triangle of forces 


"Example — A irozigh %s maie by cutting a nghl circular cone by a 
plane through xts axis If the trough is full of liquid of density p, to find 
the resultant thrust on the curved surface 

Let Fig 91 represent the forces on the hqmd, these are — 

(1) The force (P) exerted by the plane semicircular face, 

(2) The weight (W) of the liquid, 

(3) The resultant reaction (R) of the cun ed surface 
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If the semicircular base is of radius r, then 

4r 


. (Case 8, § 27) 

OTT 


2pr’ 
3 ■ 
liquid in 


the trough is given by 



Tlie weight (W) of 

where h is the length of 
the trough. 

Consequently, since 
IV and P are at right 
angles, from the triangle 
of forces 

R = .^/(pa 4- 

= ipr^V( 16 r= + 

rrV/S), 

and the thrust e.verted 
by the liquid on the 
curved surfoce is equal and opposite to the reaction e.vcrted by the 
cuiA'ed surface on the liquid. 

The direction of the forces on the trough are shown in Fig. 95. 
It is clear that we should have obtained the same result by our 
previous method of finding the resultant vertical and horizontal 
thrusts on the curved surface (V and H respectively), for 

V = weight of fluid standing 
on curved surface, i.e. 

V= W, 

and H = thrust ou projection 
of surface on vertical plane, i.e. 
H=P, 

05- and since R = v'{V= + H^), 

we obtain the same result as before. 

To find the direction of R, if it makes an angle 6 with the horizontal. 
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We may also find the hne of action of the resultant thrust on the 
curved surface The centre of gravity of the hquid m the half cone 
13 also JA from the base and the centre of pressure of the semicircle 

IS at a distance from the centre (see Example 2, § 47) Thus, if 

in Fig 96, B IS the centre of pressure of the semicircle, C is the point 
of intersection of P and W, and A is the point in the plane of the semi- 
circle where the line of action of B cuts it, then ABC is a triangle of 
force and we hai e 

JW 

AB ~ BC’ 

W 

or AB = p X BC 



“I6r 

Consequently the distance of A from the centre of the semicircle is 
3»rr wA* 

16 
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surfiicc j):isscs througli 0, the centre of the semicircle, when 

3r* = Ir, 

ix. when r//i = l/\/3, 

i.c. when the semi-vertical angle of the cone is 30°. 

Exercises Vll 

(1) A tnrih i-i made in the slmpe of n lialf-rylinder of Icngtli 0 ft. with piano 
fomieircular oml« of radii 11 ft. If it stands on a sciniciri-nlar end and 
is just full of liquid of density 70 lb. jior cub. ft., find the resultant 
lioriront.al llinist on the curvctl .siirfare. 

(2) A thin, hollow hemispherical container rests with its circular base of 
radius r ft. on a horiront.al plane and ia just full of water of density p lb. 
per cub. ft. Kind in magnitude, direction and position the following 
forcoa: — 

(il the restdtant vertir;il component of the thrust on the curvctl surface; 
(iil „ horizontal „ ., „ ,. „ „ „ „ 

(iii) the resultant thrust on tbo curvctl stirfnce; 

(iv) „ „ „ ,. „ plane base. 

(3) .\n o!'en-to})pcd tank is made in the form of half a cone by bisecting a 
right etjne by a plane through its axis. It is kept with its triangular 
face vertical and vertex domiwards and is fidl of liquid of density p. 
If the radius of the semicircular top is r, and the height is h, find tho 
magnitude of 

(i) tlio resultant vertical thrust on the curvrti surfare: 

(ii) horizont.al „ „ „ „ ,, 

(iii) the resultant thrust on the curved surface; 

(iv} the angle 0 this resultant makes with the. horizontal. 

(I) A hemispherical bowl holding 4 lb. of a liquid is held with its rim against 
a vertical wall. Kind the magnitude of the resultant tlmist of tho liquid 
(i) on the wall; (ii) on tho bowl. 

(5) A cylindrical boiler has hemispherical ends and is mounted with its axis 
horizontal, the overall length being twice its maximum cross-sectional 
diameter. Mlicn it is just full of water, show tliat the Iiorizonlal com- 
ponent of tho thrust on a hemispherical end is 0-3W, whero W is tho 
weight of water contained in the boiler. 

(6) A cone, whose height is 3 cm. and the area of whose base is 10 sq. cm., 
is filled with water and placed vertex upwards on a horizontal table. 
Kind the resultant thrust (i) on the base; (ii) on the curved surface. 

(7) A hollow cone, whoso height is 4 in. and tho radius of wlioso haso i.s 3 in., 
is fixed with its base horizontal and its vertex downwards. The cono 
is filled witli water; find the resultant thrust on the curved surface. 

(S) If tho cone in the last question bo inverted so ns to stand on its base, 
find the increase of tho resultant thrust on tho curved surface. 


IXTER. irvD. 


9 
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(^) An opra borumtal t&viarl tt a u fnS of bqud of d^estr p. 

Tbo m>ss-«F«t)«) IS a qudraat «f a erc^ of r, aad t&« piiap 

of tie rfiannd ts TWtKaL Tiad tie EasEi*ode »ad dawtica of tie 
ie«ilt*nt tirost of tie bqol ob the ccmd s«ri»ee, wslectcs »trse«ji«s>e 
psTSsaie 

(10) A seixi be&usphne »io» ndias t$ 7 m- u mDersed m bqud of *pec£f 
giiTitj' l-S, viti ite ccmd tstfkre uppe* i-Miil »T><t jlj piiae "arfiee 
bonzcatal at a depth of £0 a?>. Fad tie te«altast TT’ttcal tiissts oa 
ioth the fdaae aad the ccmd ^arfates. 

(11) A fccJlaT (we of laserndras 4 ft. asd caer hesrit 10 fi., aad not dosed 
br a base, u placed «ith lU na oo a boRrocta] pdaa*. tie co&e is £Ihd 
vith Tater tiiwai a ecial) bo5* at tie Tort cx aad tie vater doee aot 
flo» ont. Fiad the fow, la tons »e^tt, with viiei tie nter teMe to 
to lift tie Moe 

(1^) A deeed erlmder of ndras r aad lerrti 1 u jest foil of Cqsid vei^iaiz 
K per cait roloBe If tie erliader is idi viti lU «t>« fconzostal. Cad 
tie liquid tirnst oa tie lower half of tie RUiwl <ax£aee detei&iaed be 
tie bcraoatal plane tiincph the axis. 

If the erlmdcf be tiJ*ed natO tie plaae eads aie ladaxd at 60* to tie 
borooBtal, find tie bqsid tirnst on the lover plan* rod. (In'e^ Se ) 

(13) Tie duma aion pari of tie «ert>ta of an rshiaisest nZI vi.i 
a et m e d sde BC If AC is rerticol aad tie ana of tie sectno ABC 


A 6' 

Ib 

-zzo 

M 1 1 1 1 1 1 1 

C 


■s prea as SO aq ft., fiod. L ou tie disesswis ladMated. tie ciamitade 
of tie fe^shant rwUcal aad bonzoctal eo=p<E«i*a of ti» tirssl eo ti* 
eabaaisest per foot Hecce Cad tie Baccitnde aad dnertica 

of tie re«nltast tiiost per osit leerti of valL 

(14) A sphere of 1 ft ndjna ts »Tn-: i r - ^ m va*«r with lU higbe^t pocat a 

tie snrfaee tb“ decsTtr of water as 6£ a Ib. per cob. ft., Carf tfi* 

re-alUat ttast of tie water (i) oo the upper (li) cn tie lower h»lf of 
tie fTsrfuo of tie sphere (H&C., I ) 

(15) A bowl m tie shapw of a beat*F*'ere is CDed with water Had tie 
Tertieal lirost aad tie bomoctal tirsst on eitie* of ti“ portions in*o 
which it IS dmdtd br a rdica] piaae tiioori its cec&e, n terns ©*■ It, 
the we^ht of water m tie bemispfcete 

[The centre of paTitw of a sersiemle of radios r u a* a distance 
4r ( 3 r) from the c e n tre ) 
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(10) A solid right circular cone of height 1 ft. and vertical angle 60° is immersed 
in rvater with its axis vertical and its vortex in the surface. Find the 
direction and magnitude of the resultant thrust on one portion of its 
curred surface which is cut off hy a piano through the axis. (H.S.C., I.) 

(17) A closed vessel is in the form of a right circular cj’linder with one ond 
plane and the other a hemisphorc. If the vessel rests just full of liquid 
with its axis horizontal, show that the ratio of the thrusts of the liquid 
on the hemispherical and plane ends is npproximatol 3 ' 6 : 5. 

If tho ratio of the resultant thrust of the liquid on the whole surface 
of tho vessel to tho thrust on tho piano end is 17 : 3, find tho ratio of tho 
total length of tho vessel to its radius. {H.S.C., I.) 

(1 S) A closed circular c^dinder is full of water and hangs freelj' from a point 
in its upper rim. If tho radius of its cross-section is half its length, 
, prove that tho vertical and horizontal components of the resultant thrust 
on its curved surface are each half the weight of the water it contains. 

(10) A spherical shell is made of two equal hemispheres in contact along a 
vortical plane and hinged at tho highest point of their rims. If tho 
shell is full of water and Is suspended from tho hinge, show that tho two 
hemispheres will not separate if W' > 3W, where W' is tho weight of 
tho whole shell and W tho weight of water it contains. 

Show also that tho resultant liquid thrust on either hemisphere 

is ^Vl3. 

(20) A solid hemisphere of radius a is immersed in a liquid, the depth of tho 

centre of tho piano surface being h below tho free surface of tho liquid 
and tho plane of the base being inclined at an angle 0 to tho horizontal. 
B}' considering tho liquid pressures noting on the hemisphere, show that 
tho centre of pressure of tho circular base is a-sinB/ih from tho 
geometrical centre. (H.S.C., III.) 

(21) A cj'lindrical vessel full of water is hold with its axis inclined at an angle 
of 45° to tho vertical. Find tho magnitudes of the pressures on the ends, 
and show that tho resultant pressure on tho curved surface m’ll equal 
the difference between the pressures on the ends. 

(22) A uniform solid hemisphere, of weight W, floats with its curved surface 
partly immersed in a liquid and with one point of its rim in tho surface, 
equilibrium being maintained by a vertical force pW applied at this point. 
Find the value of p if tho plane face of tho hemisphere is inclined to the 
horizontal at an angle whoso tangent is J. 

Find also the ratio of tho densitj- of tho material of the hemisphere 
to that of the liquid. 

[Assume, without proof, that tho volume of a cap of height A of a 
sphere of radius a is wA’ (o — A/3) and that for a hemisphere of radius n, 
the distance of the C.G. from tho centre of the plane face is 3a/8.] 

(H.S.C., I.) 

(23) A hemisphere, of radius r, is immersed in water with its plane base inclined 
at an angle 6 to the horizontal and its centre at a depth A ( > r), the 
curved smface being uppermost. Show that the resultant thrust on the 
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cuived »utfac® IS & fotw MUag through the eonlre at an inebnation to 
the horizontal of 

tan • eosoc fl — cot J 

(21) A solid sphere is dmded into eight equal parts by throo mutuilly 
perpendicular planes passing through the centre Ono of these parts 
IS immersed in water with a plane face m the surface IhoTe that the 
roaultanl thrust on the currod gur&co » W (tt* + S)^/ir where \\ is the 
^vcight of water displaced by the part 

(26) If the part of the sphere considered in the last question is lowered without 
turning through a distance A, show that the thrusts on tho throe plane 
faces reduce to a single force, and find its magnitude 

(26) Tho bottom of a glass is a circle of an inch diamoter, tho side forming a 
portion of a right circular cone of ecmi vortical anglo 30°, with vertex 
downwards The glass is filled to a height of 6 in with water hind 
approximately in ounces tho resultant pressure on tlio side of tl o glass 
liaving given that a cubic foot of water weighs 1000 ounces 

(27) A solid coni of vertical anglo 2a is immersed in a liquid with a generating 
lino in the surfaco Show that the resultant thrust on tho curved surface 
makes an angle $ with tho boruontal given by 

tan } cotoo 2o — ton s 

If this resultant thrust is honzonlal show that its mogiiitudo is oqusl 
to the weight of a hemispbero of the liquid with radius equal to that of 
the baso of tho cone 

ANSWERS 

1 60401b wt 

2 (i) wrVA vertically upwards tbroogh centre of sphere (u) 0 (iii) same 
as (i) (iv) iTfV vertically downwards tnrough centre of sphere 

3 (i) irr^hfil6 downwards (u) fAV/3 horizontally 

(ui) Thp (4A‘ + (IV) tan >(g) 

4 (i) 01b wt (ii) 7211b wt 

6 (i)30grm wt (ii)20grm wt acting vertically upwards 

7 21 8 oz wt 8 21 8 oz wt 

8 0 03 f^ap, 67° 30 with the honzontal 

10 4 63 kilog , 3 64 kilog 11 0 33 ton wt 

12 r>/w(ff + 4)/2.wr»w{l+ Vai/i 

13 IIonzontalcompanent<c 126001b wt vertical component — 60001b wt 
Resultant thrust «= 13 463 lb wt downwards at 21* 48 to tho horizontal 

14 (i) 86 46 lb wt . in) 327 25 lb wt 

15 Vortical thrust ■» W/2 honzontal thrust *» U/rr 

16 32 470 lb wt at 47’ 48 with downward vertical 17 6 1 

21 wH/)/v'2, nT*p(r + where r*= radius of circular cross section 

I = length of cylinder, p = density of water 

22 p= 0/33, 002 1 

25 pr* (27ff’A’ + 48wrA + 32r*)/12 where r = radius of the sphere 

26 62 6 oz wt 
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EQUILIBRnBI OF FLOATING BODIES 

54. Contlitioiis ol eqvoBferiwL of a body floatmg freely in a ligiiid 

The last chapter was concerned with the resultant thrust of a fluid 
on an}’ surface and in § 52 we considered the case of a closed surface, 
j.e. an immersed body. IVe deduced Archimedes’ Principle, which, 
because of its importance, we quote again; — ^TlTien a sobd is partly 
or whoUy immersed in a fluid at rest, the resultant thrust of the fluid 
on the solid is equal and opposite to the weight of the fluid displaced 
by the solid and acts vertically upwards through the centre of gravity 
of the displaced fluid. 

Since this was proved true for all fluids, it is equally true for gases 
as for liquids. In this section we deal with the conditions of equilibrium 
of a body floating freely in a 
liquid and leave the consider- 
ation of gases until Chapter X. 

Let Fig. 97 represent the 
section of a body floating freely 
in a liquid of density p. 

There are only two vertical 
forces acting on the body, these 


(1) The weight of the body 

(W) acting downwards through the centre of gra-vity (G) of the body; and 

(2) The upthrust or force of buoyancy (U) which is equal in 
magnitude to the weight of the displaced liquid, and acts upwards 
through the centre of buoyancy (B), i.e. the centre of gravity of the 
displaced liquid. 

For equilibrium these two forces must be equal and act in opposite 
directions in the same vertical line, hence, for equilibrium 

(1) W=U; 

(2) B and G are in the same vertical line. 

We now give some examples illustrating this principle. 

Example 1 . — A solid tcooden cylinder, 4 ft. long, floats in voter 
with its axis vertical and a depth cf ^ ft. immersed. Find the specific 
gravity of the icood. 

AU we require to do is to equate the weight of the cylinder to the 
weight of water displaced. 
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TIius if Fig 98 represents tte cylinder supposing the section of 
the cjlinder to be of radiusr ft vehiave 

volume of cylinder — irr* 4 cub ft 
weight of cylinder = »jt* 4 s 62 J lb wt (i) 

where s is the specific gravity of the wood 
Also 

volume of water displaced = wr* 3 cub ft 
weight of displaced water = irr* 3 62^ lb wt (ii) 

Equatmg (i) and (ii) 

wr* 4 62Js=5rr» 3 62J 
, 4s = 3 

1 e *= ? 

Thus the specific gravity of the wood is J or m other words it 
weighs i X 624 (t e 46|) lb 
per cub ft 


Example 2 — 1/ tlie $p€ctjic 
yroin/y of ics tt 0 918 am that 
of sea tvaUr 1 026 show that of 
the whole volume of an tceherg 
will be above water 
Let tbe iceberg have a vol 
ume of V cub ft of which i 
cub ft are above the surface 
of tbe sea 

Then weight of iceberg = \ 
(0 918) 62^ lb wt 
and the volume of sea water displaced is V -- v 
BO that weight of sea water displaced = (V — i;)(l 026) 624 lb wt 
Since these weights are equal 

(V - r)(l 026) 62| ~ V (0 918) G2 J 
\ (I 026 — 0 918) = 1 026v 
or 0J08V= 1 026t> 


V 1026 



t p 1*9 of the whole volume of an iceberg is above water 

Example 3 — What \s the oolunte of a mine which weighs 1 ton and 
just floats completely immersed »n «eo-i«ifer weighing 64 lb per cub ft t 
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If the volume of the mine is V cuh. ft., then the weight of sea-water 
displaced . = 64V lb. wt. 

But the weight of the mine = 2240 lb”, wt. ; 

64V = 2240; 


V: 


2240 

“eT 


35 cub. ft. 


E xam ple 4. — A uniform circular cylinder, of specific gravity 0-9 
■floats upright in salt water (specific gravity 1-03). When transferred to 
fresh water the cylinder still floats upright but is immersed an extra 3 in. 
If the area of the cross-section is 1 sq.ft., find the volume of the cylinder. 

(Inter. Sc.) 

Let Figs. 99 and 100 represent the cylinder floating in salt water 
and fresh w'ater respectively. Suppose the lengtli of the cylinder is 



Fig. 99. 


Fig. 100. 



I ft. and that it has x ft. immersed when in salt wmter and consequently, 
from the information given in the question, (x + J) feet immersed 
when in fresh water. 

The weight of the cylinder is, of course, independent of the liquid 
in which it is floating. 

Thus, volume of cylinder = I cub. ft., 

since the cross-section area is 1 sq. ft.; 

weight of cjdinder = I (0-9) w lb. wt (i) 

W'here w is the weight of 1 cub. ft. of fresh water. (We do not even 
need to know that w = 62-5 lb. wt.) 

When the cylinder is immersed in sea-water, the liquid displaced 
is also a cylinder of 1 sq. ft. cross-section, but its length is x ft. 

Therefore, volume of sea-water displaced = x cub. ft. ; 

weight of sea-water displaced = x (1-03) w lb. wt (ii) 



no 


iQuninntuM oi koatino j^odika 


rquntuiK (0 Aixl (ii), Kiiicti tho unglit of tlio c>]ini1(r >-< ujiml to 
tlio Ilf tlip 8pn water tli-tjtlftctd, 

i(O0) ti, 

or IOVmOW (iu) 

'liii'4 jinividcM (itio <<|imtiou )>tlwori) r and {, to id Inin a taeond 
(rjuation wp iiuiHt roimidir the wciplit of fiHi wntir dit)>Incpd 
III firniiK to 1 ip 100, 

Milunu of frtsli watir diK)lnwl •=* {/ } |)cidt ft, 
wciRlit offrenli wiitordisjhcwl «^ (/ \ wt |iv) 

and tins inn^t aluo iqiial tlio wriKlit of tlu ojlimler, ho tliat, ((iimtuiK 
(0 and (i\), 

^{r hi) (1 0)11, 

or / I 02B-:.0W (\) 

Wc now }in\o two lqlmtM)n^ (in) and (v), to ditorniitic f 
rromfv) x^O'Jf-0 2r> 

Bill stitutuig fora* in (m), 

101(0 (lf -0 2r>)r.0 0/. 

00 X 001l«-» 1 01 X 0 21, 

1- 0 51ft 

'linrcforo tlip \oIimiP of tin cjlindir li 0 51 nili ft 

Etamplo 5 — A hallau »]>her« «/ fjlemal ihtwirter 2a »» i* tnfidu 
< iH «»i(f of jroiift/ I Thuj/iercJlonti 
hi\f Mimmfl iH hrpml nj njwri/c j;ra»i/y I III /Vdip thnt t OOla 

[hiitr Sr ) 

'ilio liqiiid di^;illir<d ii a Ik imxplioro of rndnin n tin rt foil 
\itliiim' of Ii juid n Jiwi’ciili in , 

' wu}?!it of li(|md dwjdaced jmi' (1 HI) If 111 wt (i) 
wlnra « is tlip wiiftlit of 1 ciili »n of wattr 

'llip (iiitir radiii'i of llio iiduncal aliell h it and llio tnnpr nuliiis 
is (I — t, fio that 


Nolimu of Hjd I nrnl shtll Inn* — Jir (rt — f)* ctih in 

•>* J>T(1rt*t— Irtl* \ I') cull in , 


wiif^lit of ii]>liirniil xlicll*^ Jjr(3rt’<- 

-3i/* i fi) ill 111 wt 

00 

Dqiintinp (i) and (ii), 



jffaMl Sir(1o*< 

- 1fl/» J »’) lip, 


or a'(l HI)-»8(1rt*t~ 

1«f* d 1') 

On) 
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This is a cubic equation in t, but since we only need to check that 
t = 0'05a, we may substitute this value of ( in the right-hand side of 
(iii) and confirm that its value is 


Then right-hand side of (iii) becomes 8 ^ 

' JAj 4U 


2 

20 ■ 400 

a3 (1.2 _ 0-06 -f 0-001) 


8000 


’) 


= M41«3. 


Thus, t = 2 ^- a is a solution of (iii). 

It should be noticed, however, that we may avoid the awkward 
cubic equation in this case by first of all writing the inner radius of the 
shell as x. Then 


volume of spherical shell = 

so that 

weight of spherical shell = frr (n^ — 3?)Aiu lb. wt., 
in place of (ii) above, and then equating this to (i), 

(1-141) w = (a® — a^) w, 

f.e. M41a®=8«3-8x3; 

.-. 8ar»= 6-859o3; 

.’. 2x = l-9o; 

X — 0-95a, 

and t — a — X = 0-05n. 


Example 6 . — A light conical shell, made of material whose thickness 
can he neglected, has a particle of weight W attached to its vertex and 
floats in water luith its vertex doionwards and a length x of its axis, which 
is vertical, immersed. Liquid of specific gravity s is poured into the 
cone until the level of the liquid and the level of the water are the same. 
Show that the lerigth y of the axis now immersed is given by 

s = 1 — 3?jy^. (Inter. Sc.) 

Let Fig. 101 represent the empty cone floating in water and Fig. 102 
when liquid is poured in so that the levels of liquid and water are the 
same. Suppose that the radii of the circular sections of the cone at 
the surface of the water are Tj and r, respectively in the two cases. 

Then, from Fig. 101, 

volume of water displaced = ^nriX; 
weight of water displaced = ^vrlxw, 
where w is the weight per unit volume of the water. 
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Since the conical shell is of n^ligtble weight, the only downward 
force 13 the weight (W) attached to the vertex, hence 
W = weight of water displaced 

= JwrJxMT , (i) 

From Fig 102, 

volume of water now displaced = \‘^\y, 
weight of water displaced = \itr\yw 
The total downward force has now been increased by the weight 
of the bquid in the cone, i « by \irr%ysw, since the specific gravity 
of this liquid IS 8 

Hence the total downward force now is 
W + \nr\ysv!, 




and this equals the new weight of water displaced 
» e W + fiwlysit =» (n) 

Eliminating W from (i) and (li), 

^rrr^xw + J«r|ystt> = jwrlyic 
%e rfi + r|yj = r|y, 


From similar triangles 


and (ui) becomes 


= 1 — 


rlx 

»ly 


(nO 


y' 

y* 

=1-^1^ 


Example 7 — A piece of iron (tpeeifie gravity ^ 3) i* imbedded tn a 
spherical lump of tee (specific gravity 0 918) of radius 10 cm ichieh 
foots in ifoler tnlA 1/20^A of its volume ahot« the surface Find 
the volume of the iron 
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If the ice slowly ^yielts, its shape reynaining spherical, find the radius 
of the sphere when it sinhs. (Inter. Sc.) 

The volume of ffater displaced = l-l- X volume of sphere 

= iff • (10)® c.cm. ; 

weight of water displaced = ii .fw (10)® grm. wt., 
since 1 c.cm. of water weighs 1 grm. 

I? tlwi of Yi'CA\ V «..w!Si., tlwa -tliW: xxA’iHa'fc k 

fw (10)® — V c.cm., so that 

weight of iron = V (7-8) grm. wt., 
and weight of ice = [f?? (10)® — V](0-918) grm. wt. 

Since 

weight of iron + weight of ice = weight of water displaced, 
we have 

7-SV + 0-918 [|w (10)® - V] = (10)®, 

from which V = 19-5 c.cm. 

If the sphere sinks when its radius is r cm., then 
weight of water displaced = firr® grm. wt., 

weight of iron = 7-8 X 19-5 grm. wt., 
and weigkt of ice = (Ittv® — 19-5)(0-918) grm. wt. 

We must still have 

weight of iron + weight of ice = weight of water displaced, 
therefore 

7-8 X 19-5 + (Iwr® - 19-5)(0-918) == |wr®, 

i.e. fwr® (1 - 0-918) = 7-8 X 19-5 + 0-918 X 19-5, 

giving r = 7-3 cm. 

Example B. — A hddow crfiinier of eziernnl and internal radii a and b 
is open at the top and the thichiess of its base is c. The cylinder floats 
in water with its aids vertical and a depth h immersed. If the cylinder 
develops a synall leak show that it will never sink if its height is greater 
ihayi (aVi — b^c)l(a^ h®). (H.S.C.) 

When the cylinder floats with a depth h of its axis immersed, 
volume of water displaced = naVr, 
weight of water displaced = rraViw, 
where to is the weight per unit volume of water. 

If the material of the cylinder has a specific gravity s and its height 
is H, then 

volume of cylinder = 7ra®H — nb" (H — c) 

■ = TT [H («® - 6®) + 6®c]; 

.'. weight of cylinder = tt [H (o® — 6®) + 6®c] sio. 
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TJicrcfore, when cylinder floats, 

V [II (o* — i*) -f- i*c] nt> =5 na^hw, 


o*A 


(!) 


H (a* - Vi) + lie 
When the cjlmder develops a leak, it will not sink if 
weight of cylinder < upthrust when cylinder is full of water, 
i e when 

weight of cylinder < weight of water displaced by whole of material 
of cylinder, 

ic when 

■n [11 (a* — A*) + A*tf] aw <v [II (a* — A*I -f» A*c] w, 
t e when s < 1, 

and from {») s is lees than 1 if 

ir (o» - A*) + b*c > a*h, 

1 e if 



,, o*A — A*c 
II > -5 — cr 
e*— A* 


66 Torce of buoyancy 

Wc have aircad} seen that the force of 
buoyancy is equal in magnitude to the weight 
of the displaced liquid,” but this expreaaion 
requires a little more consideration 

Consider Fig 103 It represents a cylinder 
floating m liquid in a cylindrical vessel of onl) 
very slightly larger diameter It is clear, from 
the figure, that the volume of the solid displaced may easily be 
greater than the whole volume of liquid present Hence the " weight 
of displaced liquid” may be greater than the total i\ eight of liquid 
present What must be understood by the term “ weight of displaced 
liquid ” la the weight of the liquid which would fill the space occupied 
by the immersed part of the floating body 


rig 101 


Example— /I cylindrical teiaH toAose internal diameter ts G in 
contains a column of water } tn high, a solid cylinder of wood whose 
diameter is 63 tn , height 6 in , ond apectfc grarnly is louered into 
the lessel, will it float or touch the Aol/om of the vessel f 

The volume of the cylinder of wood 

^ X Ccub in 


IN SEVERAL LIQUIDS 
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weight of cj4inder of wood 

= iy'-)' X 6 X -Ji« == 16-57r;e, 

where w = weight of a cubic inch of water. 

The volume of water in the vessel 

= 7r.3®.| cub. in. 

= ^TT cub. in. 

If the cylinder of wood touches the bottom of the vessel, and /i 
is the height to which the water rises, wc have, since the volume of 
the water is unaltered. 
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weight of water that would then be displaced 

= ^(W-V> 

= 25-37rta. 

This is greater than the weight of the cylinder of wood. 

Hence the cylinder will float. 

56. Conditions of equilibrium of a body floating freely in several 
liquids which do not mix 

Let S (Eg. 104) be any solid floating partly immersed in several differ- 
ent liquids 1, 2, 3, ... bounded by the horizontal planes Aa, Bb, Cc. 
Then it is clear, as in the foregoing investigations, that the equilibrium 
ivdll be unaffected by removing the solid S and supposing the space 
AB6a filled with the liquid 1 ; the space BCcb filled with the liquid 
2; the space CDc filled with the liquid 3, and so on. The liquids that 
would fill these spaces are the liquids displaced by the solid, and the 
resultant upward thrust of the liquid on S is the resultant of the 
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weights of the hqnids displaced acting ^ erticallj* through their respective 
centres of gravity Hence, for eqnilibnom the ircijSt of the eohd must 
be equal to the turn of the icetghu of the different hqritds displaced 

The centre of buoyaricg in this case is the centre of gravity of the 
whole senes of hqnids displaced This point and the centre of gravity 
of the sohd must be in the same vertica! Ime 

Example 1 — Water being poured on the top of mercury {specif e 
gravity 13 6), to find the rpecijfc grattiy of a My ichtch floats tctlh one 
third of Us volume above tcaler, one third immersed in the tcater, and the 
remaining third immersed in the mercury 

Here the volnmes of the water and mercurj displaced are equal, 
and their densities are as I 13 6 

Let weight of water displaced = ic 

Then weight of mercury displaced — 13 61'’ 

Bnt the sohd is floating in eqaitibnum 

the weight of the solid 

=a weight of mercory displaced + weight of water displaced 

s= 13 6«> 4- = H 6ec 

\gam ODe*third of the solume of the sohd u immer«ed m water; 
volume of sohd = 3 1 olumes of water displaced , 
we^ht of aa equal volume of water » Str 
required specific gravity of solid 

weigh t of sohd 14 Sic 14 6 _ ^ qg 

weight of equal volume of water 3w 3 

Example 2 — A cone vhose specific gravity 1# 2 575 rests partly 
immersed in tcater and partly in mercury To find lehat fraction (i) of 
its volume, (u) of Us am is tmffMT«ed in mercury taking the one vertical 
and vertex dotenicards 

(1) Let y be the volume of the cone, x that of the portion subme^ed 
in mercury 

Then the weights of the cone, the mercurj displaced, and the 
water displaced, are proportional to 2 575V, 13 6r, V — t 

For cqnilibnum the former equals the sum of the two latter weights , 

. ‘I'Si'by —X, 

12 6x = 1 575^ or x= 125V = ^V 
Therefore ^ of the volume is immersed in mercury 

(u) This portion is a cone with the same vertical angle as the 
original cone Xow it is known that the volumes of two such cones 
are proportional to the cubes of their heights 

Therefore -^1 or 4 of the axis is immersed in mercurv 
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Example 3 . — If a cylinder of height h and density p floats just 
immersed, with its aans vertical, in a vessel eontaining two liquids, oj 
densities oj and o-. (ct„ > cj), tehich do not mix, find the thickness of 
the upper layer of liquid. 

If Fig. 105 represents the cylinder, then the liquid of density ctj will 
be the upper liquid. Suppose the thickness of this layer of liquid is x. 

Then we have 

weight of cylinder = weight of liquid (1) displaced + 
weight of liquid (2) displaced, 
i.c. rrrVtp = rrr-xa^ + 7rr~ [h — x) cto, 

where r is the radius of the section of the cylinder ; 

hp — xcTj^ + hca — S(Tj; 

x(a„ — aj) = h (cr^ — p); 

h (o-, — p) 

x= = , 

^2 

and this is the thickness of the upper layer of liquid. 


57. Correction for displaced air when 
body floats partly immersed in a 
liqvud 

In this chapter we have been 
concerned with the equilibrium of 
bodies floating in liquids, but the 
theory we have considered is true 
of fluids in general. Consequently 
§ 56 is true also for a body floating 
partly immersed in a liquid and partly immersed in a gas. 

Thus, to be strictly accurate, when a body is floating partly 
immersed in a liquid in an open vessel, then it also has part surrounded 
bj- (or immersed in) air, and so 

weight of body = weight liquid displaced + weight air displaced. 

Because the weight of the air displaced is generally very small 
compared with the other weights involved, it is frequently omitted 
(as in the examples in § 54), but it is important to realise that there is 
a small inaccuracy involved in this. In order to see what difference 
this correction makes in a particular case, we propose to re-work 
Example 1 of § 54, allowing for the weight of the displaced air. 

Example . — A solid wooden cylinder, 4 ft. long, floats in water with 
its axis vertical and a depth of 3 ft. immersed. Find, the specific gravity 
of the wood, taking the specific gravity of air to he 0-0013. 

We have 

wt. of cylinder = wt. of water displaced -f wt. of air displaced. 



Fig. 105. 
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Taking s as the specific gravity of the wood and using the v eights of the 
water displaced and the cylinder obtained inExamplc 1 , § 64, this becomes 
77T* 4 s 62J = ?rr* 3 62J -f weight of air displaced 
= nr* 3 62i + ffr* I (0 0013) 62J 
45 = 3 + 00013, 

9 = 0 750325 

as distinct from the value s *= 0 75 obtained in the example quoted 

58 Uquilibnum of a sub- 
merged body 
If W denotes the weight 
of a submerged body, U the 
upthrust, or force of buoy 
ancy (equal and opposite 
to the weight of the dis 
placed liquid) then clearly 
(i) If\V>U,the body 
VI ill sink until it rests on 
the bottom of tlie con 
taming vessel If tlie vessel exerts an upward reaction R on the body, 
then since the body will be m equiUbnum (Fig lOfi), 

R + U = W. 

R = w - U 

Alternatively, there will be equilibrium if the body is supported 
in a submerged position by 
a string If the tension m 
the string is T, then for 
equilibrium (Fig 107) 

T + U = W 

T = W - U 
(ii) IfW = U, the body 
mil rest in any position 
providing it is completely 
submerged (Fig 108) 

(m) If W < U, the body will nse until it ffoats on the surface in 
such a position that the then decreased upthrust exactly balances W 
Alternatively, equihbrmm may be obtained by constraining the 
body to remain completely submerged If a string be attached to 
the body and to the bottom of the vessel (Fig 109) the tension (T) 
in the string will have to be such that 

T + W = U, T =s U - W 
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Example 1 . — A cube of gold (specific gravity 19-35), whose edges 
arc 5 cm. in length, is suspended in mercury with 4 chi. of each of its 
sides submerged. To fnd the /ch.<:ioh in the supporting string. 

Volume of cube = 5x5x5 c.cm. = 125 c.cni.; 
weight of cube = 125 X 19-35 grm. = 2418-75 gnu. ; 

volume of mercury di.splaced = 5x5x4 c.cm. = 100 c.cm.; 

weight of mercury displaced = 100 X 13-6 = 1300 gnu.; 

.'. required ten.sion of string = 2418-75 — 1300 grm. 

= 105SJ grm. wt. 

Example 2. — If the tension l>c reduced to 1 hilog., to fnd how much 
the cube will stub. 

Here the cube sinks until the weight of the additional litpiid 
displaced equals the dccrcn.se of tension, or 583 

the iulditionnl volume displaced = 58-75 -1- 13-C c.cm. = 4-32 c.cm. 
but the area of the base of the cube = 25 sq. cm.; 

increase in depth of immersion = 4-32 -r 25 cm. = 0-1728 cm. 

= 1-728 mm. 

Example 3. — To fnd the weight of a cylindrical corf: (specif c. gravity 
0-24) which requires a weight of 13 grm. to sink half the length of its axis 
in water. 

Let the volume of the cylinder = 2u c.cm. 

Then the volume of the water displaced = t- c.cm.; 

weight of water displaced = v grm., 
and weight of cylinder = 2f X 0-24 grm. = 0-48u grm.; 
therefore, from the equilibrium of the cylinder, 

0-48y + 13 = v; 

0-52u = 13 or i'=25c.cra.; 
weight of cork = 0-48u = 12 grm. 


Example 4 . — A solid sphere of mass M and density pi is fastened 
below the surface of a liquid of density p« (> p{) by means of a string 
attached to the lowest qmnl of the sphere and to the bottom of the containing 
vessel. Find the tension in the string. 

If the liquid slowly drains out of the vessel and pa — ^Pi, prove that 
the tension is reduced to a quarter of its previous value when half the 
sphere is above the surface. (Inter. Sc.) 

10 


IKTEn. IlYD. 



146 


EQLILIBRIUM or rLOtTI^a BODIES 


Assuming the mass of the sphere to be M lb and its densitj p, lb 
per cub ft then if r ft is the radius of the sphere 

\ olnme of sphere = ft 

mass of sphere — Ih 

= MIb 
M = 

Hence wei^t of sphere = -Jm^pj lb wt 

But iveight of hqmd displaced = -jW^p, lb wt 

Pi 

If the tension m the string is T !b irt 
then tension m string + weight of sphere = weight of liquid displaced 

t + m='-!£! 

Pi 

^_3l(pt-p0 ,, 


. Mg (pi - Pi) 


poundals 


If pj 5pi thu becomes 2ilg poundals 
AVhen half the sphere ts above the surface wc ba^e 

w eight of liquid displaced = ^ — * lb irt 
Pi 

and if T lb wt is the new tension 

T +M = 45& 

Pi 

= 5M, since p^ — 3pi 
T - JM lb wt 

= poundals 

and this 18 a quarter of its prev ions value (2AIy poundals) 


59 Effect of immersed solids on pressure 

If solids be lowered into a vessel containing liquid the level of the 
liquid will rise owmg to the displacement produced by the solids 
and therefore there will be an increase of pressure all over the surface 
of the % essel 

Smce the pressure at any point of a heavy liquid depends only 
on the depth and density it follows that the pressure on the sides 
and bottom of the vessel is the same as if the solids were replaced by 
liquid equal in amount to that which thej displace 
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Example 1. — Consider a bucket containing water and suspended 
by a rope. Now, let any body — say a brick — be lowered into the 
bucket by means of a second rope (Fig. 110). The water will lise in the 
bucket; there mil, therefore, be an increase in the prc.ssure all over the 
bucket, and the tension in the first roiJC will be greater than before, 
since it has to support a greater resultant thrust. 

In this ease, the tension in the rope supporting the bucket 
= weight of bucket + weight of water actually contained in it 
+ weight of water displaced by brick. 

Also, we know that 



tension in rope supporting brick 

= weight of brick — weight of water displaced by brick; 

.'. sum of tensions in the two ropes 

= weight of bucket + actual weight of water + weight of brick, 
as evidently should be the 
case, for the two ropes 
together have to support the 
bucket, the water and the 
brick. 

Example 2. — If, instead, 
we place in the bucket a 
body lighter than water — 
say a block of wood — and 
allow it to float (Fig. Ill), 
it mil displace a quantity of 
water of weight equal to its 
own weight. As before, we 
have tension in supporting rope 

= weight of bucket + weight of water actually contained in it 
+ weight of water displaced by wood 
= weight of bucket + weight of contained water 
+ weight of wood ; 

as evidently should be the case, since the rope has to support the 
bucket, the water and the wood. 



Example 3. — A bucket containing water is suspended by a rope 
which passes over a smooth pulley, and is balanced by a weight at 
the other old of the rope. A piece of wood of weight Wj and specific 
gravity a is then fastened to the bottom of the bucket by a siring, so that 
it is completely immersed. Prove that, during the ensuing motion, the 
tension in the string attached to the wood is 

2W1W2 n-a\ 

2Wi^+W, \ cr /■ 


{Inter. Sc.) 
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"When the piece of wood of weight Wj is fastened to the bucket 
11 e have a total weight of Wj + Wj on this side of the pulley compared 
with the weight Wj on the other ade of the pulley 

Hence if the bucket moves down with an acceleration / this is 
given by 

(0 

■' 2\Vi + Wj 

(see Tutorial Dynamics § 123) 

If T lb wt IS the tension in the stnng which attaches the piece of 
wood to the bucket and if V lb ivt istheresultantupwardthrustexerted 
by the liquid on the piece of wood then the forces acting on the wood are 

(1) T and Wj actmg downwards 

(2) \ acting upwards 

Since this piece of wood also mo\ es downwards with an acceleration 
/ (since it 13 part of the bucket and contents) the equation of motion 
for the piece of uood is 

(T + W,-V)ff=W^ {■!) 

The weight of the piece of wood is Wj lb wt and its specific gravity 
IS tr 60 that the weight of an equal volume of water is — ? lb wt If 

the wood were replaced by this equal volume of water the weight 
of this water together with the upthrust V would give this mass of 
water an acceleration /downwards hence — 

We require to find T from these three equations Subtract (in) from (a) 


T = 


/I _ \ 

2W, + / 

2\t,Wj fl~a\ 
2W, + \\,l tr ) 


60 £quilibnum of bodies floating under constraint 

If a body is floating m a Iiqmd not freely but with one point fixed 
ne may easily estabhsh the relation which must exist between the 
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forces and the jiositions of tlieir lines of action in order that the body 
shall be maintained in equilibrium. 

Let Fig. 112 represent the body free to turn about the fixed point 0. 
G is the centre of gra^^ty of the body and H is the centre of gravity 
of the displaced liquid (i.e. the centre of buoyancy). 

Consider the forces acting on the body. There is no resultant 
horizontal force on the body (see § 52), The only forces on the body are 

(1) The iveight of the body (W) acting vertically downwards 
through its centre of gravity (6). 

(2) The force of buoyancy (or upthrust), U, noting vertically upwards 
through the centre of buoyancy (H). 

(3) The reaction (R) exerted by the support at the fixed point 0. 



Draw a horizontal line through 0, meeting the lines of action of 
W and U in N and L respectively. Then, for equilibrium, since U 
and W act vertically, so also must E, and the magnitudes of these 
forces must be such that 

R + U= W. 

Also, they must all lie in the same vertical plane and the moment of 
W about 0 must balance the moment of U about 0, i.e. 

' W X ON = U X OL. 

A particular case will be when 0, G, H are all in the same vertical line. 

\J Example 1 . — A uniform heavy rod a foot long is freely movable 
round a horizontal axis fixed at one extremity at a height of 2 in. above the 



160 


EQOTUBRnni or rLOAmo bodies 


$UTjace of the icaier in tehtch the rod partly rests, Jind the position of 
ey«ifi{»n«»n, and if the position m show that the specific gratity 

of the rod must be less than 

Let AB (Fig 113] represe&t the rod, A being the fised end and let 
C be the point where the surface of the water meets the rod If 
AC = a; in , then BC =12 — z in G is the mid point of the rod and 
13 therefore its centre of gravity since the rod is nnifoim , 

AG = 6 in 

H 13 the mid point of BC and is the centre of gravity of the displaced 
water , 

CH = i (12 - z) in 

If the cross sectional ares of the rod is o sq in , and its specific gravity 
IS s, then 

volume of rod = 12o cub m, 
weight of rod = 12aiic lb wt , 



Fig 113 

where ir = weight m pounds of 1 cub in of water, 

\\ = 12astc (i) 

The volume of water displaced is the volume of the immersed part 
of the rod {i e the length BC), 

^olume of water displaced = (12 — z) o cub in , 
weight of water displaced = (1^ ~ *1 0““ lb • 

U = (12 — z) ate (u) 

If the rod makes an angle 9 with the honzontal talcing moments 
’about A, 

W X AG cos d = U X AH cos B, 

X AO = U X AH 

but AG = 6 m and AH = z + ^ (12 - x) = 1 (12 +z) in , 


(m) 
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(iii) becomes CW = i (12 -j-a') U, 

or, substituting for W juid U, 

C.12«.<(f = i (12 + 3‘)(12 — r) aw, 
i.r. M-l.v= I W 

r— 1-M — M-ls (iv) 

vfbicb gives tbe length ol rovl not hTmietseil, hi tem'» ol the specific 
gnuity of the rod. 

For the oblique position of equilibrium, At' mu.st be greater than 
2 in., I.r; x > 2; 

/. x=>4; 

M-1 — Hd.s > -1 from (iv); 

.'. Mis- < 140; 


Example 2. — .AllCD, ABEF are rfsjwcthvhj /lorizoutal and vertical 
faccjt of a uniform rectangular hlocl- of tcood of weight 'W Jloating in water, 
AB being an upper horizontal edge. HVicn a rope, is fastened to the mid- 
point of .AB and pulled vertically tipieards until CD is in the surface 
of the water it is found that EF is also in the surface. Prove that the 
specif e gravity of the woo<l is 2t‘J and find the Inision in the rope. 

{Inter. Sc.) 



rig. 114 . 


Let Fig. 114 repre.sent the vertical section through the mid-point 
of the horizontal edge.s of the block of wood when both CD and EP 
arc in the surface, i.c. A', O', E' are the mid-points of AB, CD, EF 
respectively. G is the centre of gravity of the block of wood and is 
therefore at the point of intersection of the diagonals of this middle 
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section H IS the centre of baojsDcy Its position is determined by 
the fact that the water displaced la in the shape of a tnangnlaT pnsm 
H 13 the centre of gravity of tha pnsm and is such that 
GH =» 4 X the semi diagonal 
= 4AQ 

AH=*AG (i) 

If T 13 the tension in the tope attached to A and U the force of 
buojancj, then 

T+U=W (u) 

and taking moments about A , 

WxAGcoa0=Vx A'H cos 0 (in) 


where 6 is tlic angle made by A G with the horizontal 

Tlie weight of half the block of wcwd is therefore the weight 

I W 

of water displaced by the immersed half of the block ^ where 
<T IS the specific gravity of the wood * e 


U« 


W 

2<r 


(IV) 


Substituting the value of A'H from (i) in (ni) and cancelling cos $, 
WxAO*UxtAG, 

W-4U 
4 W . 

= 5 2- from 0^) 

Go« 4 

(V) 

and from (ii) 

T = W-U 
W 

— -s- from (iv) 

2(7 

= ^V from (v) 

= }W 


Example 3 ~A Ihin vmform rt}d AB o/ length a and specific grauty 
aj (< 1) ss suspended by a stnng attached to A When the end H is 
immersed »n water a length b of the rod remains out of the water, and 
when tmjnerSfii tn a fi 5 UtS of specific gravity s* a length c of the rod « 
ohI of the liquid, prmc that 
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Consider Fip. 115. C iis the point of intersection of the rod with 
the .surface of the water so that AG — b. G is the centre of gravity of 
the rod, i.e. AG — ?,n. H is the centre of buovnncy, so that 

CH.-=PC== l’(a-h); 

All == h + i (fl - h) 

~ i(a b). 

If the weight of water displaced hy unit length of the rod is le, 
tlie weight of the rod = as^tr, 
and force of hnoyancy = (o — b) u\ 

Taking inoincnts ahout A, 

o.Sjic X AG co.s tl = (<T — h) »c X All cos 0, 
where 0 is the angle made hy rod with the horizontal; 



Fig. lie. 

.'. os, X AG = (n — 6) X AH, 

ns^.i(l (a ~ b). I {(I + b); 
fjO- ~ a' — <r ; 

o* - b- 

” «= ’• 

Let Fig. 110 reprc.scnt the rod when initncrsed in a liquid of specific 
gravity .S;. ,Sup[)osc the rod now makes an angle i/j with the horizontal 
and C' is the point of intersection of the rod with the surface of the 
liquid. If IF is the new centre of buoyancy, C'lF = pC' = I {a — c) 
so that 

AH' — c + ?. (o — c) = i (a + c). 

As before, AG — la and the weight of the rod is asjiv. Tlie lengtii 
of rod immersed is a — c, so that the weight of liquid displaced is 
(a — c) Sjjp and this is the force of buoyancy. 




Tig lie 


Exercises VCI 

(I) A thin otufonn wooden rod. I ft u length, flosLs rertmll; in water with 
2 in abore the tnrface I^d the rpecifie grantr of the wood 

(3} A hoov weighs S-t lb What u ita roloine if it floats with three-quarters 
of ita roloioe immersed in sea water wnghiag M lb per rab ft 

(3) Prore that the buorancy of a life-buoj made of rcrt of specific graritv /, 

weighing IP lb., is *)**>• ’^ 

(4) A ship passes from sea water (sp gr 1-0^4) to fresh wwter Docs it nse 
or smfc deeper into the water’ 

By how mnrh does the water hoe shift if the ship weighs n ton and 
the area of the water lui^^rctioii (asaomsd constaet orer the range of 
sanation) 13 A « ft (7" ''^toFlcnb ft of fresh water is 6i 51b ) 
* j M ■^te than sis inches for a ship weighing 

£= ° ^ a section ronst hare an area greater 
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(5) A block of wood (specific gravity 0-76), whoso volume is 250 c.cm., is 
totally immersed in a liquid of specific gravity 1-25 by means of a string 
attached to the bottom of the vessel containing the liquid. Find the 
tension of the string. 

(0) A vessel containing water is placed in one sealo of a balance and counter- 
balanced by weights. A person dips his hand in without touching the 
sides of the vessel. Will the equilibrium bo disturbed ! Give j'our 
reasons. 

(7) A c^’lindcr of uniform cross-section is made up of a length L of a substance 
of specific grarit}’ D and a length I of another substance of specific gravity 
rf; it floats vertically in water. Determine how much of it is submerged. 

(8) A cylinder of wood, 2 ft. long and of weight W, floats with its axis vertical 
in a fluid of three times its own specific gravity. IVlmt forces must be 
applied to the cylinder to keep it (o) 2 in. above, and (4) 2 in. below the 
equilibrium position I 

(9) A solid cylinder of specific gravity' 0-7 floats with its axis vortical in a 
vessel containing two liquids whoso specific gravities are 0-0 and 0-9, the 
cylinder being completely submerged. How much of its axis is in the 
upper fluid I 

(10) A uniform rod rests half immersed in water in an oblique position and 
can rotate in a vertical plane about a point distant one-sixth of its length 
from the end below the water. Find the sjx:cifio gravity' of the rod. 

(U) A block of wood, whoso weight is C3 lb. and whoso specific gravity is 0-0, 
is in a pond. If a ball of lead, whose specific gn-ivity is IDS, is attached 
to the block by a string, find the least weight which the ball can have 
so ns to keep the block quite imdcr water. 

(12) A cube of wood floating in water supports a weight of 480 oz. On the 
weight being removed, it rises 1 in. Find the size of the cube. 

(13) A right cone, whoso weight is W, floats in a liquid, vertex dou'nwards, 
with one-third of its axis immersed. What additional weight must be 
placed on the base of the cone so ns just to sink it entirely' in the liquid ? 

(14) A thin uniform rod of weight W floats in water in an inclined position 
with one-eighth of its length out of the water when a weight P of negligible 
volume is attached to the lower end. Show that 7P = W. 

(15) A cylinder of wood floats in water with its axis vertical and having three- 
fourths of its length imraersed. Oil whoso weight is half that of water 
is then poured into the ve.sscl to a sufficient depth to cover the wood. 
How much of the cylinder will now bo immersed in w'ntor ? 

(16) A body of specific gravity s is completely' immersed in liquid of specific 
gravity' />. Show that its acceleration downw'ards is ^1 — p. 

(17) A solid cone of height h and density p floats, with its vertex upwards, in 
a liquid of density a {> p). How' much of its axis is above the surface 
of the liquid ? 
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(18) A tight pnsm of tnangular cross section AOB, made from uniform 
material, floats in nater vilh the edge through 0 in the surface and the 
face contauung OB wit of the -water Prove that the face containing 
AB will be vertical 

If OA = 4 cm , AB = S cm , and the angle AOB is a right angle, 
find the specific gravity of the material of the pnsm (H S C , I ) 

(19) A cnhe whose specific gravity is 0 8 rests in a rectangular tank w ith a 
square bottom An edge of the cube is IS u , and a side of the square 
IS 16 in Just enough -water is poured in to float the rube Compare 
the volnme of water -with that of the cuIm 

(20) A uniform thin rod AB la free to turn about A which is fixed at a height 

|AB above the surface of water mto which the rod dips If the rod is 
made of wood of specific gravity 0 36, find what fraction of the rod will 
bo under water in the oblique position of equilibrium (H S C , I } 

(21) A solid homogeneous cone fioata with its axis vertical and vertex uppermost 
m a liquid whose density is to that of the cone as 125 to 61, how much 
of the axis is immersed t 

(23) A solid is held completely immersed in a cylindrical vessel containing 

water by means of a string whose tension is T attached to the base of the 
vessel, the axis of which is vertical The string is cut, and the solid 
comes to rest floating in the water Prove that the surface of tho water 
falls a distance T/wr^te, where r is the radius of the vessel, and w the 
weight of unit volnme of water (Inter So ) 

(33) A ship passing from the sea into fresh water smks <n inches and then on 
discharging P ton of cargo rues n uches Assuming the sides of the 
ship to bo vertical near the srater line, and that the specific gravity of 
sea water is 1 020 prove that the weight of the ship and cargo was 
originally 613tnP/(l3a) 

(24) A mass composed partly of solid copper (sp gr 8 8) and partly of solid 
lead (sp gr 11 4), floats mlh two tbi^ of its bulk immersed in mercury 
(sp gr 13 6], and the rcmaming one third in water Compare the 
volumes and weights of the copper and lead in the mass 

(25) A thin rod of density p bos a small piece of metal of weight ^ th that of 
the rod attached to one end Prove that the rod will float at any 
incimation ina liqnidof density o if * = (l+ 

(26) AB IS a uniform rod floating in water, and its specific gravity is 0 5, 
a string is fastened to tho end A, by which A is lifted to a height above 
the surface of the water equal to a quarter of the length of the rod Find 
the position in which the tod comes to rest 

(27) A solid body is suspended by a thread, and submerged successively m 
three liquids The tension of the thiAad diminishes in the change from 
the second to the third liquid by lost as much as it dimimshes from the 
first to the second Find tho relation between the speallc gravities of 
the liquids 
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(28) A floxiblo cord passes over a pulley which is fixed above tho surface of 
v oter. One end of the cord i.s held in the hand and tho other is attached 
to one end of a uniform wooden polo of length 3a and sp. gr. s, resting 
partly immersed. Show that, however tho cord is pulled, tho length of 
the immcrsetl part of the polo remains constant until a certain position 
is reached. 


(20) A body floating in a liquid has volumes \’ 
the air density is trj, e,, a, respectively. 

Cj — CTj , oj — e, , e, — 


1* ^ s> ^^3 above tho surface when 
Provo that 


= 0. (H.S.C., I.) 


(.10) A slab whoso density is « floats wholly imraersed in a vessel containing 
liquids of density s, and If a lies between a, and s., find in what ratio 
tho thicknc.ss of tho slab is divided by tho surface of sop.aration. If /i 
is tho thickness of tho slab, and d tho depth of tho upper fluid, avhat 
condition must be fulfilled in order that tho slab may float partially 
immersed. 


(21) A buoy, in tho form of a right circular cone, tho vertex of which is fastened 
to tho bottom of tho sea by a chain, floats at low tide witli tho chain slack, 
the axis of tho cone being vertical and two-thirds of it immersed. If tho 
diameter of tho base is 0 ft. and the height 12 ft., calculate tho weight of 
the buoy assuming that tho weight of tho water is 04 lb. per oub. ft. 
and that tho weight of tho chain is negligible. 

Calculato also the pidl on tho chain at high tide when tho buoy is 
completely immersed. (Inter. Eng.) 

(22) A solid hemisplicre of wood, whoso specific gravity is 3, has a solid right 
cone of the same wood constnicted on its base, the bases being wholly 
coincident. If r is tho radius of tho hemisphero, and 2r tho height of 
tho cone, and tho compound body floats in water with tho axis of the 
cone vertical, will tho hemispherical surface bo wholly, or only partiallj', 
Kubraerged ! Calculate tho position. 

(33) A uniform straight rod of small cross-section, length a, weight W, made 
of material of specific graaitj’ o {<!), is freely hinged to tho bottom of 
a vessel, of depth greater than a, sd that it can turn freely in a vortical 
plane. Initially tho rod rests horizontally on tho bottom and water is 
slowly poured in. Investigate tho chango of length of rod immersed 
and of the reaction at tho hinge ns tho depth of water increases, illustrating 
your results graphically. 

If, when tho rod is inclined at an acute angle to tho horizontal, a second 
thin uniform rod, of material of specific gravity A, is similarly freely 
hinged to tho bottom of tho vessel and is in equilibrium inclined at tho 
same angle to tho horizontal, find tho length of tho second rod. 

(H.S.C., III.) 

(34) Draw a semicircular arc ACB, of which C is tho middio point, and lot it 
represent a weightless hemisphorical bowl; a particle is fixed at C, and 
an equally heavy particle is fixed to A; when tho bowl is floated in water 
it is found that A just comes to tho surface of tho water; if now tho 
particle is removed from A and put into the bowl, find tho height of 
AB above tho surface of tho water. 
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EQUILIBRIUM OP IXOATJhG BODIES 


(35) A bucket half full of vain u sospeitde^l a strmg -which passes over 
a smooth pulley sioall enough to let the other rad fall into the bucket 
To this end la tied a ball ohoee gp gr la greater than 2 Show that, 
for eqwhbnum, if Vho ball does not touch the bottom ofiho bucket and 
if no uatcr overflows, the weight of the ball equals *W/(» — 2) where 
AV IS the u eight of the bucket and water 


(36) A solid cone isfloating in water with itaasis vertical and vertex do-wnwards 
To cause it to sink until { of tta axis ta immersed Toquires a load of 50gnn 
on its base, and to cause | of the svis to bo immersed requires a load 
of 96 grm Show that the specific gravity of the body is very nearly 0324 


(37) A uniform rod of length 2 and specifia gravity p is free to turn about one 
end which is at a distance A (<l) above the surface of separation of two 
liquids which do not mix, whose apocific gravities are Oi and o, (oi<Ot) 
The rod rests in equilibnum at an incluiatioD B to the vertical with its 
free end in the lower liquid Show that 


cos* $ = 


A»(e, - 0,1 
I* (o, - p) 


and that < p < o, 


(HSC.III) 


(38) Show that the upthrust on a eobd in a liquid, the solid and liquid moving 
together with a common accelerelion / vertically downward, la 



where U ts the weight of the liquid which would occupy the apace 
filled by the solid 

A bucket coDtainiog water is suspended at one end of a light inexten 
Bible string passing over a fixed smooth pulley and isiu equilibrium with a 
counterpoise of mass M at the other end of the string A eobd of mass m 
and specific gravity a {< 1) is then attached mside to the bottom of the 
bucket by a strmg which keeps the solid completely immersed IVhen 
the system is released, show that the ratio of the tensions in the two 
strings IS (M + w) <r/« (1 — o) (H S C , III ) 


(39) A uniform cone ofgiien weight floats in a hquid with its vertex downwards 
Prove that the surface of the cone in contact with the liquid is least when 
Its semi vertical angle w tan"* (1/V2) 

A uniform cy linrfn cal hod^ oC bfKswroJAb ctoss, Bectiotul atca otA floats 
with its ana vertical, portly immersed in liquid of density p contamed in 
a cyhndneal vessel of horizontal cross sectional area nA (n > m) A 
volume p An of a lighter liquid of denaity p' is gently poured into the 
vessel and the Lquids do not mix TTie body continues to float partly 
irntnersed in both Lquids, prove that the height through which the body 


mes in the vessel 
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AXSWTiUS 

I. g. 2. ^ cub. ft. 4. Sinks, 0-84 M/A ft. 5. 125 grm. \vt. 

6. Yes. The scale jian having the vessel will go down, for the level of the 
water is raised, and coiiscfiiicntly the pressure on the base is increased. 

7. Id + LD. 8. (o) JW: (fc) J\V. 9. •. 10. i. 

II. 4Clb. svt. 12. Sidois2S-8in. 13. 2GW. 15. J volume. 

17. b (l - 18. JS. 19. on : 1. 20. 

21. 1. 24. Volumes 10 ; 3; weights 440 : 171. 

26. At angle sin~* {l/(2a/2)} with horizontal. 

27. — 2.5. + aj = 0. 30. («j — «) : (s — «,); d -Ch {s. — 6)/(#j — Sj). 

31. 153GJ7 Ib. wt., 3048ff lb. wt. 

32. Wiolly. The common base wilt bo at a depth 2r (1 — 1^5). 

33. Length = a (a/ A)-. 34. i\/2 times the radius. 



CHAPTER IX 

THE PRACTICAL DETERMINATIOlf OF SPECIFIC GRAVITY 
61 Introduction 

In this chapter we pro|>ose to consider various practical methods 
of determmmg the specific gravity of eoltds and liquids The problem 
is of importance commercially, since the specific gravity of a liquid 
IS frequently taken as a measure of its pnnty Again when a liquid 
IS diluted with water, the degree of dilution is ascertainable from the 
specific gravity of the mixture 

If rie require to find the specific gravity (s) of a solid whose volume 
(V cub ft ) may be calculated by simple mensuration, this may be 
ohtamed directly, if the weight (W lb wt ) is found, since 
Ws=Vsif, 

where to ~ weight of 1 cub ft of the standard substance (water), 
« e tc 62 3 lb wt 

^Vhen the specific gravity is not directly obtainable we shall use 
one of the following methods — 

(i) The Specific Gravity bottle, 

(u) The Hydrostatic Balance, 

(m) Hydrometers, or 
(iv ) The U tube 

We shall consider each of these in order, but before doing so, we 
give a list of tbe principal specific gravuties 


Liquids 


Acid (Hydrochloric) 

1 19 

Olive Oil 

0 92 

,, (Nitric) 

I 27 

Petrol 

070 

„ (Sulphuric) 

184 

Turpentine 

088 

Alcohol 

0 83 

Water (Pure) 

100 

GljceiiTie 

126 

.. (Sea) 

103 

Milk 

1 03 




Solids 


Asbestos 

300 

Porcelam 

214 

Copper sulphate crystals 

238 

Quartz crystals 

2 65 

Diamond 

350 

Salt (common) 

I 92 

Glass 

250-350 

Sugar 

1 60 
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Solids (conlimied) 


Granite 

... 2-64 

Ice 

... 0-92 

Marble 

... 2-70 

Metals : 


Aluminium ... 

... 2-65 

Antimony 

... 6-70 

Bismuth 

... 9-80 

Brass 

... 8-40 

Copper 

... 8-88 

Gold 

... 19-26 

Iron 

... 7-80 

Lead 

... 11-35 

Mercury 

... 13-59 

Platinum 

... 21-10 

Silver 

... 10-70 

Tin 

... 7-29 

Zinc 

... 7-20 


Wood: 


Alder 

... 0-54 

Ash 

... 0-75 

Beech 

... 0-85 

Box 

... 1-04 

Cedar 

... 0-52 

Cherrj- 

... 0-79 

Cork 

... 0-24 

Ebony 

... 1-33 

Elm 

... 0-57 

Mahogany... 

... 0-90 . 

Oak 

... 0-70-0-95 

Pine 

... 0-53 

Poplar 

... 0-38 

Willow 

... 0-59 


62. Specific gravity bottle 

The specific gravity bottle is much used for finding the specific 
gravities of solids and liquids. It is constructed for the purpose of 
weighing exactly equal volumes of different liquids, and it consists of 
a glass flask having a tightly fitting stopper through which a very fine 
hole (ab) is bored (Fig. 117). In using the bottle, it is completely filled 
with the liquid to be weighed, and the stop- 
per is then pushed in till it reaches a certain 
mark (P) on the neck of the bottle. The 
superfluous liquid overflows through the 
hole ab, and is ndped off; so the bottle, 
when filled in this way, always contains the 
same volume of liquid. 

To obviate the necessity of allowing 
for the weight of the bottle in every obser- 
vation, a counterpoise is provided, whose 
weight is exactly equal to that of the bottle. 

This counterpoise is usually a little metal 
case containing small shot, and its weight is adjustable by adding 
or subtracting shot. 

When the bottle, filled with liquid, is placed in one of the scale-pans 
of a balance, the counterpoise is placed in the other pan in addition 
to the weights used in weighing. Since the counterpoise balances 
the weight of the bottle, the additional weights give the weight of the 
contained liquid alone. 


a 



INTER. HVn. 


a 
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(o) To find the specific gratify of a giten liqvid 
The procedure is as fbUoirs — 

(i) Adjust the -weight of the counterpoise (if nccessarj ) until it 
balances the bottle when empty 

(u) Fill the bottle with water, carefully insert the stopper and 
weigh, placing the counterpoise in the scale pan containing the weights 
(m) Fill the bottle with the liquid whose specific gravity is required, 
carefully insert the stopper, and ^ain weigh, as before 

The second process gives the weight of the water contained in the 
bottle The third process gives the weight of an equal volume of the 
given liquid Dividing the latter by the former, the specific gravity 
of the liquid is found 

If no counterpoise is aiailable let «• grtn be the weight of the 
empty bottle Then if it weighs W gmi and^\ grm when filled with 
water and the gnen hquid respectnely, we have 

weight of water m bottle =s W — tr, 
weight of equal \olume of liquid = W' — tc 

specific gravity of liquid = 

Eiample — A fiasl tcctghs 7 2 jrm empti/ 53 45 ffw/i tchen 
filled tnth sulphuric acid and 32 2 ffrm tchen filled teilh water To 
find the specific gravity of sulphuric acid 

Weight of sulpbunc acid = 53 45 — 7 2 grm » 46 So grm , 
weight of equal \ olumc of water as 32 2 — 7 2 grm = 25 0 gnn , 
specific gIa^’lty of sulphuric acid =a 4$ 25 — 25 =185 

(6) To find the specific gratify of a solid insoluble in icater 

If a Bohd can be broken up into small enough pieces to go into a 
specific gravity bottle, then we may find its specific gravity as follows — 
(i) Weigh the solid (w gnn ) 

(u) Fill the specific gra-vity bottle with water, and place it together 
with the sohd m one of the scale pans of a balance and weigh Let 
this weight, 1 € the weight of the bottle full of water + the weight of 
the sohd, be Wj grm 

(m) Take the sohd and insert it in the bottle A quantity of water 
will overflow whose v olume is equal to that of the sohd and the volume 
of water in the bottle will be le^ than before by the ^ olume of the solid 
If, therefore, the bottle containing the solid and water be agam weighed 
(Wj grm ) their total weight will be less than before by the weight of 
the displaced water, » e 

weight of water equal in volume to that of the solid = Wj — II. 
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But specific gravity of solid = 


weight of solid 

weight of equal volume of water 


w 

“Wi-Wj- 

Suitable solids which may be used for this experiment are sand, 
copper filings, pieces of marble, iron, lead, zinc or brass, or quartz 
crystals. 

Example 1 . — The weight of a solid is 13 gnn. When the specific 
gravity bottle is filled loith water, its weight, together with that of the solid, 
is 63 grm. When the solid is put into the bottle, the combined weight 
is 53 grm. To find the specific gravity of the solid. 

After the solid is dropped into the bottle, the volume of water in 
the bottle is less than it was before by an amount equal to the volume 
of the solid. 

Hence the diflference of weights, 63 — 53 or 10 grm., equals the 
weight of a quantity of water equal in volume to the solid. 

But the weight of the solid is 13 grm.; 

.'. specific gravity of solid = = l-S. 


Example 2 . — The weight of a quantity of jmvder (insoluble in water) 
is p. The weight of a specific gravity bottle filled with water is A, and 
when the bottle contains the powder and is filled with water its total weight 
is B. To find the specific gravity of the powder. 

Let be the weight of water whose volume is equal to that of the 
powder. 

Then, before the powder is placed in the bottle, the total weight of 
the powder, bottle, and water = p + A. 

When the powder is placed in the flask it displaces a quantity of 
water equal in volume to the powder, whose weight is w. 

Therefore the total weight B is less than before by w, that is, 

B = p + A — w; 

?a == p -t- A — B ; 
weight of powder p 

sp. gr. o pou er -prater displaced p + A — B 

Hence, if p, A, and B are known, the specific gravity can be found. 
Notice that it is not necessary to know the weight of the specific 
gravity bottle itself. 


(c) To find the specific gravity of a solid soluble in icatcr. 

We may use the specific gravity bottle to find the specific gravity 
of a solid which is soluble in water, provided that we can find a liquid 
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SPECinC CE1\1T^ 


in winch the solid 13 msoloble The specific graviti of this bomd 
most be known or found as m {a ) , let this specific gta^ty be s If we 
now cai^ threngh procedure (J) nsing tie lijuiJ tn «e goltd 
ts iniwtiWe tnjiaceoJ ifoter, we iaTe the three weighings tr, W, and TV. 
as before Then ITj — IT, u now tie wagit of the fijtnd equal m 
volcme to that of the solid, 

. wt of an equal Tolome of tniter= 

s 


specific gravi^ of «^)lid = 


wt of sobd 

wt of eqnal % olome of water 


tr 

IW^ W,v, 


»f5 


vr,-w, 

Sngai la insolnble m turpentine and to its specific gravitr may be 



rig m 


obtained by this method 

63. The hydrostatic 
balance 

TVhen a common 
balance is adapted for 
weighing bodies ens 
pended id finid, it u 
called a hydrostatic 
Balance (Fi^ 118) The 
onlv difference between 
a hrdrostatic balance 


and an ordinary pair of scales is that one of the scale pans m the 
former is at a enffieient height to allow a cessel of finid to be placed 
nnder it, and has a hook on its under side from which any smaU sohd 
may be suspended by means of a fine wire, and weiahed when immersed 
m the fluid. 


(o) To JInd tJie fpertfc granty of a t<Jtd vtiieh would eini in xcater 
(1 e sjxnjic gravity > 1) 

The Hrdrostatic Balance may here be used as follow^ — 
fi) Place the solid in the scale-pin and weigh (TV) 

(ii) Let the sohd now be suspended w water by a ven fine thread 
attached to the scale^pan of the balance fflg 119) and weigh again fP) 
From Archimedes’ Principle, the difference of the observed weights 
in air and water, i c TV — P, is the weight of a quantity of water eqnal 
in Tolnme to the sobd Thus, TV — P = weight of water displaced 
by sobd 
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Therefore, 

r 1 weight of solid 

specific gravity of solid = — t—, — ^ — r — ? 

weight of water displaced 

_ 

~ W - P’ 


specific gravity of solid = 

JO 1 = 

j u — 1 j. 


Example 1. — A solid \ceighs 15 grm. in air and 5 grm. in water; 
to find its specific gravity. 

Tlie weight in water is less | 

than in air by the weight of 
the water displaced; 

weight of water displaced 
= 15 — 5 = 10 grm. 

Also weight ofsolid= logrm.; 




Fig. no. 


Example 2. — A piece of gold weighs 598'3 grm. in air, and 567-3 grm. 
t»i water; to find its volume and specific gravity. 

Weight of water displaced == 59S-3 — 5C7'3 grm. = 31 grm.; 
volume of gold = 31 c.cm., 

and specific gravity of gold = 598-2 31 — 19-3. 

(h) To find the specific gravity 
of a solid which xcould float 
in leater (i.e. specific, gravity 
< 1 ). 

If the solid were suspended 
by itself, it would float in water, 
and we could not find the 
weight of a quantity of water 
equal in volume to the whole 
solid. To remedy this, a heavy 
piece of metal, called a sinker, is attached to the thread which supports 
the bod}’ to be weighed, and this keeps the body under water. 

The operations are best performed in the following manner : — 

(i) Weigh the solid in air. 

(ii) Suspend the solid and sinker together from the scale-pan of 
the balance, and weigh them in water (Fig. 120). 

(iii) Weigh the sinker in water. 




166 TEE PBiCnCAL PETEE5£IXA7I0\ OP «PECUTC GEITTTT 


The weight in water of the solid ftnd snter comhised is les» than 
the weiaht in water of the anher alone bj the amount of the total 
resnltant upward force on the scdid. Tfci> force is the eices of the 
weight of water dirplaced bv the solid over the weight of the solid 
itself. Thi» being known and the w wgh t of the «o3Ld being also known 
from the fir^ observation, the we-iAt of the water displaced is found 
and the «pecifie grantT of the «oLd can be focnd, before. 


Brample — A tdxd vtighs 16 grm in oir TTZen oilacled to a 
stnler and im»?ier?«i tn letrfer, the ftro to^eOer imjh 6 ffm The imjlt 
of the ainlrr tn voter alone ts 10 poji To fnd the fpeetfe gronty cf 
the solid 


Here the weight of the sobd and sinker in wa*er together 
»= (weight of linker in water) J- (weinit of «5o!id in air) 

— (weight of water displaced bv solid) 
— 6 gns 

But weight of anker in water = 10 gnn. 

and weight of sobd to air = 16 gnn. 

, weight of water displaced bv «obd = 16 -r 10 — 6 gnn, 

=« SOgiBl. 

- , , , weight of solid 

si«i£c gr.T.ty of 


-H-o-s 


\lgebraicaIlT, we mar represent the result as follow? — 

Let W = weight of sobd m air, 

B ~ weight of <<jbd and anle’ in wale* together 
and A = weisht of sinker in water 

Since weight of solid and anker in water together 

= (weight of sinker in water) — (weight of sohd in an) 

— (weight of wate' displaced bv «ohdj, 
B = \ -1- W — (weight of water di. placed by «olid) 
weight of water displaced bv solid = A — W — B 

... weight of sohd 

Hot T«iSc yioTitv of wM = d^pUcod 

w 

“ B - \ - B 

(c) To find the specific grarity of a pimi Irpuid 

This mav be found bv means of tie Hvdro'tati'* Balance as 
follow? — ^Take anv «obd bodv of greaie* speci£c giavi'v than e iher 
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the liquid or water (the sinker used in the experiments of the least 
section is convenient) and 


(i) weigh the solid in air (W), 

(ii) weigh it in the given liquid whose specific gravity is required. 
Let this weight be Q, and 


(iii) weigh it in water (P). 

The difference between the weights in air and in the given liquid 
(I'.e. W — Q) is the weight of the liquid displaced by the solid. The 
difference between the weights in air and in water {i.e. W — P) is the 
weight of water displaced. Since the volumes displaced in both 
cases are equal, the ratio of their weights is the specific gravity of the 
liquid, i.e. 

... ., weight of liquid 

specific gravity of hquid = — — p - - j -x — 

^ ° weight of equal volume of water 

W~ Q 


W-P' 


Example. — To find the specific gravities of glass and glycerine, from 
the folloioing data : — 

Weight of a piece of glass in air = 10 grm. 

„ „ „ boater = 6 pm. 

„ „ „ glycerine = 5 grm. 

Here weight of water displaced by glass = 10 — 6 = 4 grm., 

„ glycerine „ „ = 10 — 5 = 5 grm., 

and weight of glass = 10 grm.; 

weight of glycerine displaced 

. . specific gravity o g } cerine weight of water displaced 

= f=l-25; 

and specific gravity of glass = = 2-5. 

(fZ) To find the specific gravity of a solid which is soluble in water. 

In Articles (o) and (6) of this section we assumed that the solid 
was insoluble in water. If, however, we require to use the Hydrostatic 
Balance to find the specific gravity of a solid which is soluble in water, 
we must first find a liquid of knoivn specific gravity (s) in which it is 
insoluble and then proceed as follows: — 

(i) weigh the solid in air (W), 

(ii) weigh the solid in the liquid (Q). 
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Then the apparent loss ofTee^ht inthe liquid is equal to the weight 
of the liquid displaced bj the solid 
Thus, 


w eight of liquid displaced by sobd «= W - 
.* sreight of equal volume of lealet *= (W - 

specific gra\ itj of sobd = 


Q, 

Q)A. 

weight of solid 


weight of equal volume of water 


~(\Y~Q)!s 

Ws 

MV-Q 


Example — To find the specific gravity of a substance soluble i» irater, 
but not in turpentine, from the follotnng data — 

11 eight of solid tn air *= 32 grm 
„ /urpent»MC*= 3gmi 

specific graiily of turpentine = 0 87 
The weight of turpentine displaced » 32 — S » 29 grm 
But weight of turpentine = 087 (weight of equal lolume of water), 

v» , , , , . 20 20 X 100 100 

. weight of equal \ olume of water = «= — 5 = — *= -r- grm , 

0 o7 87 3 

specific grai ity of solid = ^ « 0 9C 

The ahoie method ma) also he used to find the specific gravity 
of a solid which is lighter than water by weighing it m a liquid of still 
smaller specific graMty, thus dispensing with the use of a sinher 

64 Coirectioii for displaced am when weighmg 

In finding specific graMties of solids, we supposed their weights 
found by weighing them m air with a common balance If great 
accuracj is required, it will be necessary either to weigh the bodies 
tn vacuo or to allow for the fact that the bodies, as well as the set of 
weights employed, all displace more or less air, and therefore the 
apparent weight of s body in air is less than its true weight by the 
weight of this displaced air But the density of air is ^ery small 
compared with that of moat sobds and liquids, being 0 0013 of that of 
water Hence the weight of the displaced air is in most cases so small 
a fraction of the weight of the body that no serious error is introduced 
by neglecting it altogether (see § 57) 

It 13 eas}, bower er, to make allowance for the displaced air, if 
necessary For when a body is placed in one pan of a pair of scales, 
and balanced by weights in the other, the apparent weights or resultant 
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forces teiidiii" to dnw the body and weiglds towards tlic ground are 
equal. Hence 

true weight of body — weight of air displaced by body 

= weight of weights — weight of air di.splnccd by weights. . . (i) 
Let W be the true weight of the body and d its den.sit.v and sui)po.sc 
that its apparent weight by the balance (i.e. the .sum of the “ weight.s ”) 
is Wo, and that the metal comprising these weight.s is of density d^. 
Then if p is the density of the air. we have 

volume of bodv = ; 

d 

W 

weight of air displaced by body = -^.p. 


Again. 


volume of " weights ” ■ 


11 ' 

weight of air displaced by weights = ~.~.p; 




Kquation (i) bccomc.s 

■■■ 

Thus the true weight (W) is found by multiplying the apparent weight 
(Wo) by 



Example . — A pkfc of cork {sjtccijic gravity 0-21) apparently weighs 
h lb. when weighed by means of brass weights {specific, gravity brass — 8-4). 
Fhid the true weight of the piece of cork if the specific gravity of air is 
0-0013. 

From the above 


W = Wo 



0-0013 X G2l\ j! 0-0013 X G2i\ 
8-4x62i //w 0-24x024/ 


= 0-502G5 lb. on simplification. 
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65 Hydrometers 

A lijdrometer 13 nn instrumcDt for finding the specific graMt^ of 
liquids It 13 floated in. the liquid and the principle on xThich it v.otks 
IS that the weight of a floating body is equal to the weight of liquid 
which it displaces There are two principal tyjies of hjdroraeter — 
(0 The ccinmon hydromeier, which determines the specifio graA itj 
of the liquid in which it is placed bj tlie depth to which it sinks, the 
weight of the hjdrometer being constant, and 

( 11 ) I^icholson's hydrometer, which has a scale pan attached and 
weights are placed in this until a definite solnme of the hjdrometer 
13 immersed 

Me proceed to consider tlieso two hjdrometcra m more detail 
(o) r/e common hylromcfer 

This hjdrometer consists of a glass tube or stem blown out into 
two bulbs (Fig 121) The stem and the 
^ upper bulb are filled with air, the lower bulb 

being filled with mercury so that when the 
hjdromctec u in the liquid it floats upright 
* with the whole of the bulb and part of 

p the stem immersed The stem is gradu 

ated the marks at dilTcrent leicis gning 
the specific graMties of the liquids m srhich 
B the hjdrometer would sink to these leiels 

Let the stem AD, supposed uniform, be 
of cross section a Then if the hydrometer 
floats in water with the point 8 m the surface, 
there is a\oiame o AS out of the water 
Gonsequentlj if the whole ^olume of the 
hjdrometer is V then the volume of water 
displaced when floating is \ — a AS 
If water weighs ic per unit of volume the weight of water displaced 
13 therefore «• (\ — o AS), 

and this must equal the weight of the instrument 

It file ’nj Srometer is now ioateh in a 'iiqoih fh Hpvufiic pui’Aj 
s (> 1), the volume now immersed will be less suppose the point P 
13 now in the surface In this case, the Nolume immersed is 
V - c AP, 

so that the weight of liquid now displaced is 
ws (t ~ a AP) 

This must also he equal to the weight of the instrument, hence 
„ V - o AS 

«s (Vr— a AP) = «■ {\ — o AS), 3 — Y _ „ 
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This enables the hydrometer to be graduated before it is sold. 

Example 1 . — To find the specific gravity of a liquid, having given 
that a hydrometer loeighing 1^ oz. sinks in it until 24 cub. in. are immersed. 

Here weight of 2-4 cub. in. of liquid = 1-5 oz. ; 

1'5 

.’. weight of 1 cub. in. of liquid = — oz. = f oz., 

and weight of 1 cub. ft. of liquid = 1728 X |- oz. = 1080 oz. 
But weight of 1 cub. ft. of water-= 1000 oz. ; 

specific gravity of liquid = | - g gg - = 1-08. 


Example 2 . — To find the density of a liquid in which a common 
hydrometer floats with 3i in. of its stem immersed, having given that 
the diameter of the stem is 0-2 in., the volume of the two bulbs is 
0-754 cub. in., and- the weight of the hydrometer \ oz. 

Here the portion of the stem immersed is a cylinder of height 
in., the radius of whose base is 

J X 0-2 = 0-1 in. 

Hence the volume of the immersed portion of the stem 
= X (0-1)2 X I = 0-11 cub. in. 

Moreover, the volume of the bulbs = 0-754 cub. in. 

Hence the whole volume of the displaced liquid 
= 0-754 + 0-11 = 0-864 cub. in. 


But 


weight of displaced liquid = weight of hydrometer ^ 
0-864 cub. in. of liquid weighs | oz. ; 

1 1 


J oz.; 


1 cub. in. of liquid weighs 


2 X -864 1-728 


oz.; 


cub. ft. of liquid wei^^ ~ 


oz. 


Hence the liquid is of the^me density as water, and its specific 
gravity is unity. 

Example 3 . — The steM of a hydrometer is divided into 100 equal 
parts. It reads 0 in water and 100 in liquid of specific gravity 0-8. 
To find the specific grdMty for which the hydrometer reads 50. 

Let 0, Q (Fig. ^2) be the points marked 0, 100 ; P the point 
marked 50. 

Let V be the^olume of water whose weight is equal to that of the 
hydrometer. Then V isXthe volume of water displaced when the 
hydrometer fleets in water.V 

,’y volume displaced by portion below 0 = V. 
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When the iiy<lromotcrfloatsmtho lighter hquidofepecifiogroviy 0 8, 
it displaces an equal weiglit, and therefore a greater volume, of liquid 
volume displaced by portion below Q =* V — 8 = 1 25V, 

volume of atom OQ « 1 25V — V = 0 25V, 
that js, volume of 100 divisions of atom « 0 25V, 
volume of BO dtvisiona of atem » 0 125V, 

. . volume displaced by ^lottion below P =- V -f 0 I25V = 1 125V 
This 19 the volume disjilaccd by the hydrometer in the giicn liquid, 
and ita weight la equal to tho weight of water displaced 

wt ofvol 1 •125V of given liquid c= wt of%ol Vof water, 

wtof\ol I of given liquid « wt ofvol 1 — 1 125 of water, 
. . required pjiccifio gravitj of liquid *= I — 1 125 = -J = 0 8 

INotf — A lthough tho mark CO w midway between the 
inarhflOaml 100, tho required ajiccifio gravity is jJOTmulwaj 
iiotwcen the coiTcaponclmg ajiccifio gravities, for its value is 
0 and no< 0 !) os might on (irat thoughts bo cvpccted ] 

Example 4— IfitA the data of the last rtampk to fitul 
the speci/c gravilj/ of a U^tul nhose retitUng is 28 
We liaic seen that 

vol of 100 divisions of stem =* 0 25V, 

•V ol of 28 divisions as x 0 25V = 0 07 V 
vol displaced by bjdroinetcringivcn liquid =» 1 07 V 
wt of vol 1 07V ofliqiiid = wt of 

vol V of water 
pijj i.>j specific gravity ofliquid — 1 — 1 07 = 0931C, 

nearly 

Example 6 — A hjilromrtefs eoHsiKts of « bulb surmouiiteff htj a ral 
of vnfoTm crass section 11 hen ♦nwierant tn lijuids of apenfc ffrovities 
Sj, # 2 , lengths n and b respectnclif of the ra/t are abovo the hqvuts Prove 
that vhen immersed in a ini;rrMre of cqtial lecijAts of the bywiJs a length 
i (n + h) of the rod trill be abate the muiure [Inter Eng ) 

Let W bo tho weight of the hydrometer and V its total volume 
7 hell if tho cross sectional area of tho rod is d, tlio weight of liquid 
ilisphcod when a length a of the tod is almo the liquid is 
(V — od) 

and tins equals \V, the w eight of tho hydrometer 
Similarly W »= (V — bd) SjW 

U the specific gravity of the mixtuw is S, and when the hydrometer 
IS floatcil 111 this mixture there is a length k of the rod above the surface, 
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then also W—{Y — M)Siv. 

In each case, tv is the weight per unit volume of water. 

Thus we have a series of relations from the constancy of the weight 
of the hydrometer: — 

W — (V — ad) ${10 = (V — bd) s^tv {V kd)Stv (i) 


We may obtain the specific gravity of the mixture (S) in terms of 
the specific gravities of the two constituent liquids and Sj)- If '"'e 
suppose a volume of the liquid of specific gravity Si is mixed with a 
volume Uj of the liquid of specific gravity s^, then since the weights 


are equal 

= UoSo (fi) 

and (uj -f- Ug) S = UjS^ + VjSj ^i>>) 

Eliminating Vi and Uj from (ii) and (iii). 


S = 

• ,S=: 

Sj + Sj 

_ 2 

The relations (i) may be expressed 

W 1 

V-ad=-.- 

to «j 

W 1 

V - . . . . . 

tv Sj 

W 1 

V_M=-.J 

w o 


(iv) 


(V) 

(vi) 

(vii) 


Adding (v) and (vi), 

W /I 1 \ 
2V - (« + 6) fZ = — ( - + - ) 
to \Si s,/ 


W 2 
tv 'S 


from 


(iv) 


== 2 (V — Jed) from (vii) 

= 2Y-2Jcd; 

— {a -)-b)d— — 2ltd\ 

]i=\{a + b). 

(b) NtcJiolson’s hydrometer. 

This is a constant volume hydrometer, since, when it is floated 
in a liquid, weights are added until a definite volume is immersed. 
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It consists of a Hollow metal contamer A (Fig 123) to the base of which 
IS attached a fixed heavy metal cap B Aboie the container projects 
a metal stem supporting a scale pan C, and on this stem is a fixed 
mark D In whatever hquid the hjdiometei is floated, \\eight8 aie 
placed m the scale pan until D is just in the surface Then in each 
case, exactly the same volume is immersed 

To fiiid the sfecific gramty of a Itguid The following observations 
have to be made 

(i) Find the weight (IV) of the hydrometer m air 
(n) Float the instrument and add weights to the scale pan until 
the mark D is m the surface Let these weights be P 


(m) Now float the hydrometer in the liquid whose specific gra\ itj 
13 required and suppose that it teqnues a weight Q to sink the mark 
D to the surface level 

From the first two of these 
. measurements we know the weight 
of water displaced by that part of the 
hydrometer below the fixed mark B 
because this weight of water dis 
placed is equal to the total weight 
of the hjdrometer, together with 
the weights in the scale pan, t e 
W + P 

From the third determination wo 
have that the weights of the tame 
^*8 toZttmc of bquid displaced is W 4- Q 

„ - , weight of liquid displaced 

Hence specific gravity of liquid = ^ - e -^ ht -^7 qQ v3rume~^^ter 



W + Q 
W + P 


Example — To find the specific gractly of brandy by means of a 
Ittchohon s hydrometer weighing 60 grm , having given that 23 7 grm 
are required tn the upper scale pan to strd. the h^rometer to the fixed 
mark when placed in brandy, and that 40 grm are required to sink it 
to the same mark in water 

At first observation, the total weight supported by the brand> 

= 60 + 23 7 = 83 7 grm 
Hence weight of brandy displaced = 83 7 grm 

At the second observation, we have, m bke manner, 

weight of water displaced = 60 + 40 = 100 grm 
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But the volumes of the brandy and water displaced are equal; 

83*7 

specific gravity of brand)' = = 0-837. 

To find the specific gravity of a solid. Nicholson’s hydrometer may 
be used to detenniiie tlie specific gravity of a solid, 2 )rovidcd the 
solid is small enougli to be placed in the metal cup B. The following 
measurements need to be made: — 


(i) The hydrometer alone is floated in water and weights are 
added to the upper scale-pan until the mark D is in the surface. Let 
these weights be P. 

(ii) The solid is now jdaced in the upper scale-pan, together with 
the weights (Q) now nccessar}' to sink the mark D to the surface. 
Hence the weight of the solid is P — Q. 

(iii) The solid is now placed in the lower metal cup B, the whole 
immersed in water and the weights (R) wliich must be placed in the 
upper Ecale-pau to sink the mark D to the surface, is noted. 

The dilTcrcnce between (ii) and (iii) is that in (iii) there is the 
additional uptlirust equal to the weight of water displaced by the solid. 
Consequently greater force is needed to depress the hydrometer to 
the mark D in (iii) than in (ii), i.c. R > Q and 


weight of water displaced by solid = B — Q. 

weight of solid 


Hence specific gravity of solid = 


weight of equal volume of water 
P-Q 


R- Q’ 


Example. — A Nicholson’s hydrometer when placed in xcater required 
a weight of 40 grm. in the upper scale to sink it to the fixed mark. When 
a piece of silver was placed in the upper scale-pan, 8-5 grm. was required 
to sink it, and when the silver was placed in the lower scale-pan, 11-5 grm. 
was required in the upper. To find the sqwcific gravity of silver. 

Here, when the silver was placed in the upper scale-pan, 40 — 8-5 
or 31-5 grm. had to be taken out in order to make the total weight 
the same as before. 

Therefore the weight of the silver was 31-5 grm. 

'i’nien the silver was transferred to the lower pan and immersed, 
we had to add 11-5 — 8-5 or 3 grm. to the upper pan to counteract 
the upward tlirust of the water on the silver; 

.'. weight of water displaced by silver = 3 grm. 

. ■, 31-5 

;. specific gravity of silver = — ^ = 10-5. 
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66. U'Tulws 


Tbe specific gravities of two Jiqmds which do not mu may be 
compared ^ eiy simply by means of a U tube 

Let the two liquids have specific gravities and Aj and suppose a 
quantity of each is poured into the U tube as indicated m Fig 124 
If A represents the common snrface and B a point m the same 
horizontal plane in the other limb of the U tube, then the pressure 
intensity at A equals the pressure intensity at B (see Chapter III), 
and if there is a length of the liquid of specific grai ity s, then 
pressure intensity at A = P + X 62 J Ih wt /sq ft 
where P u the atmospheric pressure 

If there la a length fj of the liquid of specific gravitj Sj abo% e B, then 
pressure inteasity at B = P + y 62J Ib wt /sq ft 


Equating these two ptes«ure intensities 

IjiSj as 

or r ’ 

tg the heights of the liquids aboie the 


to their specific gravities Thus, if one of 
the bqmds is water, or any liquid of known 
specific gravity, the specific gravity of the 
Yig 124 other liquid IS obtained directly from the lela 

tion abo>o, haviDg found the lengths I, and If 
An example involving this pnociple has already been worked out 
in Chapter III (Example 1, f 22) 



] 


- // 

;,T 

1 h 


''yj' 


iuy. 

Jj 






67. Bare s bydiometer 

This hydrometer is, in effect, an inverted U tube, but it has the 
advantage that it may be used to compare the specific gravities of 
two liquids without them coining into contact with each other, so that 
It does not matter whether they would mi* or not 

The hjdrometer consists of two hollow vertical tubes (A and B) 
connected by a hollow bonzontal tube, C, from which part of the air 
enclo'scd may be drawn off (Fig 125) 

The two vertical tubes have their ends placed in the liquids whose 
specific gravities («j and Sj) ate to be compared Some air is then 
drawn off from the outlet I> by a pump k> that the air in the hjdrometer 
IS at less than atmospheric pressure and it is then sealed off by closing 
the stopper or valve E This reduction in pressure inside the 
hjdrometer causes the bqwds to rise m the vertical tubes Suppose 
the heights above the surfaces F and G are 1| and If rcapcctneh If P 
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represents the atmospheric pressure and P' the pressure to which the 
air in the hydrometer is reduced, then the pressure intensity at F = P. 
But the pressure intensit}' at F equals the pressure intensity at a point 
in the left hand tube at the same level, 

i.e. P = P' + (i) 

where w = weight per unit volume of the standard substance. 

Again, the pressure intensity at G (which is at atmospheric pressure 
P) is equal to the pressure intensity at a point at the same level as 6, 
in the right hand tube and this pressure intensity is P' + hsnW. Thus 

P = P' + ?««««> (ii) 

Equating (i) and (ii), 

gmng the same relationship as for the U-tube. 

It should be noticed that there is no need for F and G to be at the 
same level. Wherever 
they are, these surfaces 
will be at atmospheric 
pressure, which is all that 
the above proof requires. 

68. Statistical examination 
of numerical results 
Consider again the 
table of specific gravities 
given at the beginning of 
this chapter. It will be 
noticed that all values are 
given, to two places of 
decimals, but that in the Pig. 125 . 

case of glass and oak a 

range of variation is given. In fact there will be slight variations in 
many of the others. For instance, since all the woods will have some 
moisture content, which may vary, the specific g^a^uties for different 
specimens may easily have different figures in the second place of 
decimals. 

Now suppose that an experiment is performed in a laboratory to 
determine the specific gravity of, say, gold. The specific gravity of 
gold, from our table, is given as 19'25, and if a value obtained from an 
experiment was 19'17 this would be considered quite a good result. 
If, on the other hand, the value obtained was, say, 16-75, it would be 
assumed that something had gone wrong with the experiment, and it 
would be necessary to check that the sample was pure gold and that 
the method had been correctly carried through. But assuming that 

12 
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all posoiblo care is taken, it atiU will not in general he found that the 
%alue of the specific gravity obtained is exactly 19 25 It may be 
slightly more or slightly less Uoreoier, if the experiment is repeated 
V ith the same sample it is probable that a result differing from the 
first ivill be obtained This is because, in spite of all possible prccau 
tions, a large number of tiny errors creep in which, although they ma> 
be individually minute, nevertheless together affect the final value 
obtained It is these accidental errors, as they are termed, which 
cause the slight deviation from 19 25 and in general they will sometimes 
give a result in excess of 19 25 and sometimes less than it Thus the 
“ best ” value for the specific gra\ity will be found by repeating the 
experiment several times and taking the aterage or mean of the results 
The more elaborate the precautions taken iti performing the cxpcri 
inents, the closer will be the values to 19 25, m other words the values 
will be more concentrated about the true value 

Wien deabng with a large number of measurements of the same 
quality, in addition to the determination of the mean, it is frequently 
useful to have a measure of this concentration, or degree of scattering, 
of the values about the mean The most convenient measure of this 
w called the slonrfard deviation and for fuller information on this and 
allied topics, a book on statistics should bo consulted 


Exercises IX 

(1) The weight of A epccifiognviiy bottlo when empty is 42 grm , and when 
full of water and glycerwo respectively, its weight is 333 grm and 
JCO grm Find the specific gravity of glycerine 

(3) A piece of chalk weighs 48 grm m air and 38 grm in water l^nicl its 
specific gravity 

(3) A specific gravity bottle full of water woigba 44 grm , and when some 
pieces of iron weighing 10 gnn Id air aro introduced into the bottle 
and the bottle again filled op with water, the combined weight is 62 7 grm 

hat 13 the specific gravity of the iron T 

(4) lOOgrra ofaccrUinpowderareplaccdmaepccifiegravitybottloweighing 

60 gnn and capable of bolding 600 grin of water The bottlo is filled 
with ether of specific gravity 0 72, and the wliolo la then found to weigh 
474 gnn Find the specific gravity of the aubstanco forming the powder 

(5) A piece of iron (specific gravity = 7 31) weighing 316 3 grm is attached 
to a piece of cork weighing 36 gna , and the weight of both in water is 
36 3 grm , find the speeifio gravity of the cork 

(6) A ball of metal weighs 9 lb in air and B lb when suspended m water 
^\bat would bo the spccifio gravity of a liquid in which it would 
weigh 7J lb t 
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(7) An iron shell is found to loso half its ucight when ivoighed in uater 
What portion of its volumo is hollow ? (Spocifio gravity of iron = 72) 

(S) A body uluoh is soluble in water weighs 27 grm , and when weighed in 
oil of specific grai ity 0 0 its w eight is 20J grm Find its spocifio gravity. 

(9) A piece of silver and a piece of gold arc suspended from the arms of an 
equal armed balance beam, which is in equilibrium when the sdvor is 
immersed m alcohol (density 0 85) and the gold in nitric acid (density I 5) 
The densities of the silver and gold being 10 5 and 19 3 respectively, 
w hat art) their rclatii o masses ? 

(10) Proto that a brass pound weight made to balance, on scales, the standard 
pound of platinum in air, is too great by the fraction 

where A, B, P denote the specific gravity of air, brass and platinum 
respoctitclj 

(11) AVhen the common hydrometer floats in water of its volumo is 
immersed, and when it floats m milk ^*55 of its volumo is immersed 
Fmd the spoafie gravit3’ of milk. 

(12) Provo that the bulb of a common hj'dromotcr must have 10} times 
the volumo of the stem for rcadmg specific gravity botw eon 1 24 and 1 36 

(13) A Nicholson’s hjdromoter weighs 3J oz , and requires a weight of IJ oz 
to emit it to the fixed mark in water. What weight will be required to 
sink it to tho fixed mark m a liquid whose density is 2 6 ? 

(14) A piece of marble weighing 142 grm is placed in tho upper dish of a 
Nicholson's hjdromoter, and it is found that an additional weight of 
40 grm IS required to sink tho hjdromoter to a fixed mark in its stem. 
When tho marble is placed in tho lower dish, it is found that 90 grin, 
are nccessarj What is tho specific giaiitj of the marble ? 

(16) A U tube IS fixed with both limbs vertical and contains raerourj' 
(sp. gr. 13 6) AlTien a quantitj’ of a certain hqmd A is poured into the 
left hand limb of the tube and tho liquids are allowed to come to rest, 
the whole of the liquid A is in the loft hand Umb and tho free surfaces 
of A and of tho mercury aro at heights of 35 3 and 5 4 cm respectively 
above tho surface of separation of the two hqiuds Fmd the specific 
gravitj of liquid A 

Further, find tho height of a column of a third liquid B (sp, gr 4 7) 
that must be introduced mto tho right hand hmb in order that tho 
mercurj’ maj' stand at the same level m each hmb (H S C , I ) 

(16) A piece of an alloy weighmg 96 grm is composed of two metals, tho 
specific gra\ itj' of one being 114 and of tho other 7 4 If the weight of 
the alloj' in w ater is 86 grm , find tho w eight of each metal m the alloy. 

(Inter Sc ) 

(17) A bodj when weighed m water has an apparent weight of 3 lb and when 
w eighcd in a liquid of specific gravity 0 8 has an apparent weight of 
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3 1 Ib Fiod the wight of the bodj and its apparent wight when 
wighed in a hqnid of speci&e gravitj 0-6 

If 1 cub fl of wtcr wighs 62 5 Ib and the body is a cube, find the 
length of Its edge (H5 C., I ) 

(16) A light ngid rod ACB la balanced oa a kmfa edge at C Two unequal 
masses P and Q, of dcnsitica p, and are hnng by fine wires attached 
to the rod, at distances andy^ from C. so that the rod remains honzontal 
When P and Q are totally immersed in liquids of densities and e,, 
the balance of the rod is restored tiiier by monng Q to a distance y, 
from C, keeping 7, constant, or by keeping y^ constant and monng P to 
a distance from C Prore 

{') 'iyi*=*«yt. 

(I.) (Hsc.n 

(10) The two branches of a U tube aie> close together One branch contains 
mercury and the other water so that their common surface is at the 
lowest point the difference in height of their upper surfaces is if If 
lyath of the water is taken onl and ponred mto tho other branch above 
the mercurj , show that m the new equilibnom position the difference in 
heights of the upper sorfaeos is (a — 2) d/a. 

AKSIVEKS 

LI 26 2.24 8 7 602 42 

5 01036 6 1 5 7 13/18 8 36 

9 ] 00362 1 11 1-03 IS 10 oz wt 14 2 84 

19 2 03, 16 6 cm 16 6*7grm , 33 3 grm 

17 3 6 lb wt , 3 2 lb wt . 2 4 in 



CHAPTER X 

GASES 


69. Introduction 

In tEe preceding chapters we have proved many theorems con- 
cerning fluids in general, but the application of them has mainly been 
concerned with liquids. This chapter is devoted to gases. 

Let us consider first of all what we know of gases so far. In § 17, 
we stated that the pressure intensity at any depth of a liquid depends 
on the atmospheric pressure at the surface; in other words it depends 
on the weight of air pressing on the surface of the liquid. This 
atmospheric pressure we shall consider in more detail later on in this 
chapter. 

Again, in § 52 we proved Archimedes’ Principle true 
for all fluids, gases as well as liquids, and in conse- 
quence of this we found in § 57 the correction for the 
displaced air when a body floated partly immersed in a 
liquid and partly in a gas. This, in turn, was utilised 
in § 64 in the determination of the correction for the 
displaced air to be applied when weighing a solid in air 
as distinct from in vacuo. Here rve took the specific 
gravity of air as 0-0013, i.e. taking one cubic foot of 
water as weighing 62-5 lb. or 1000 oz., 

1 cub. ft. of air weighs 0-0013 X 1000 oz. = 1-3 oz. 

70. To find the density of air 

Although we have stated the density of air, we 

have not yet described an experiment from which this 
may be determined. We proceed to this now: — 

A large glass flask fitted with a tap or stopcock is taken; the air 
in it is completely exhausted by means of an air-pump, and the tap 
is closed. The flask is then weighed v-ith a balance {Fig. 126). On 
opening the tap, air rushes into the flask and depresses the scale-pan 
carrying it; hence the flask is heavier than before. The difference 
in weight is found by again weighing, and is evidently equal to the 
weight of air which entered the flask; and, if the volume of the flask 
be determined, the density and specific gravity of the air may be found. 

Example. — A flask weighs 273-4 gnn. when enijpty, 276-5 grm. when 
fllled with air, and 2658-4 grm. whenfllled with water. Toflnd the weight 
of a litre of air. 
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eight of air in flask = 276 5 — 273 4 = 31 grm 
weight of equal volume of water = 2658 4 — 273 4 = 2^ grm , 
specific gravity of air = 3 1 — 2385 = 0 0013, 
but a litre of water weighs 1000 grm , 
weight of a litre of air = 1 3 grm 

It la mterestiDg to consider one of the earhest ways of showing that 
air exerts a pressure In the 6e%enteenth century, Otto von Guericke 
of Magdeburg designed two hollow hemispheres which fitted together 
with an air tight jom 'When the air was withdrawn from these 
tightly fittmg hemispheres by means of an air pump, it was found that 
considerable force was needed to poll them apart This force is 
required to overcome the resultant thmsts produced by the atmosphere 
on the outer surfaces of the hemispheres We have stated elsewhere 
that the pressure of the atmosphere IS approximatelyl4 7 lb wt /sq m 
hence if we know the diameter of the sphere we 
may determine the exact force required Suppose 
the hemispheres have a diameter of one foot, then 
from § 50 the resultant thrust of the air on the 
curved surface of the hemisphere 
= V (6)* X 14 7 lb wt 
= 1663 2 lb wt 

Therefore at least this force must be applied 
to each hemisphere m order to pull them apart 


71 Measurement of atmospheric pressure 
Fig 127 It was ID 1643 that an experiment was devised 

by Tomcelh to measure the pressure of the atmo 
sphere and this expenraent resulted m the invention of the barometer 
To perform the experiment or to construct a barometer in its 
simplest form a glass tube about 33 in long and closed at one end 
13 completely filled with mercnry The open end is then closed with 
the finger the tube mierted into a cup of mercury, and the finger 
then removed care bemg taken not to allow any air to get into the 
tube The mercury will at once sink and leave a clear space at the 
top of the tube and the height of the column of mercury above the 
surface in the cup will b( found to be about 30 inches or 76 cm 
Suppose AB (Fig 127 represents the tube and P the level of the 
mercury We proved m § 15 that the pressure intensity is the same 
at all points at the same le^-el m a bqmd Hence the pressure intensity 
in the tube at Q is equal to the pressure intensitj m the surface of the 
surrounding mercury, i e the pressure intensity m the tube at Q is 
equal to the atmospheric pressure 
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Now the pressure iutensity iu the tube at Q is due to the length 
of mercury PQ, together uith the pressure intensity at P. But 
the pressure intensity at P is zero, since AP is practically a vacuum. 
Hence the length PQ measures the atmospheric pressure. In fact, 
AP contains a minute quantity of mercury vapour, but this provides 
only an insignificant pressure intensity at P — we may regard it as zero. 

Suppose, for clarity, the length PQ is 30 in. and we wish to 
determine the atmospheric pressure. 

The pressure of the atmosphere per square inch 

= weight of a column of mercury, 30 in. high, on a base of 1 sq. in. 
= weight of 30 cub. in. of mercury 
= 13-6 X weight of 30 cub. in. of water 
(taking specific gravity of mercury as 13-6) 

62 -5 

= 13-6 X 30 X rr:r lb. Wt. 

12 ^ 

= 14-76 lb. wt., 

i.e. the atmospheric pressure corresponding to 30 in. of mercury 
is 14-75 ... lb. wt. per sq. in. 

In fact, the length PQ is continuously varying, indicating that the 
atmospheric pressure is changing slightly all the time, and this change 
may be used to predict the weather, since experience has shown that 
certain changes of weather are generally accompanied by certain 
changes of atmospheric pressure. For instance, rainy weather is 
usuall}' preceded by a decrease in the pressure of the atmosphere, 
and an improvement in the weather generallj’’ coincides \vith an increase 
in the atmospheric pressure. 

72. Barometers 

Any instrument designed for measuring the atmospheric pressure 
is called a barometer. In its simplest form it consists of a tube con- 
taming mercurj' as described in § 71, with a scale attached for reading 
the height of the mercury column. Mercury is suitable in the instru- 
ment because of its high specific gra^uty, and the barometer need only 
be about 34 in. long. If, on the other hand, other liquids were 
used, the barometers would be much more unudeldy, although, also, 
much more sensitive. If water were used, the length of water column 
corresponding to 30 in. of mercury would be 30 X 13-6 in., i.e. 34 ft. 
Another objection to the water barometer is the difficulty of 
retaining a vacuum at the top of the tubf., since water evaporates 
freely into the vacant space. Glycerind has not this disadvantage, 
and since its specific gra^nty is 1-26, the glycerine barometer is more 
than ten times as sensitive as a mercury barometer. 
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The most convenient form for a mercury barometer is that of a 
U tube with unequal arras and with unequal diameters (Fig 128) 

The mercury m the short limb is open to the atmosphere and the 
difference in height (PQ) gives the length of the me’-cury column whose 
weight measures the atmospheric pressure This type is known as 
the Siphon Barometer 

Another useful form of barometer is known as the^Keroid Barometer 
This IS a hollow metal box exhausted or nearly exhausted of air 
The atmospheric pressure tends to force in the top of the box, but is 
resisted by the elasticity of the metal, which acts like a spring When 
the pressure increases or decreases, the lid sinks or rises sligiitly, and 
moves a pointer which indicates the pressure on a dial This dial is 
graduated in “ inches ” or * millimetres,” corresponding to the readings 
of a mercurial barometer The aneroid is chiefly 
used on account of its portability 


A 

P H 


73 Boyle’s Law 

This expenmenul law, giving the relation 
between the volume and pressure of a gas at 
constant tempeTature, was discovered by Robert 
Doyle in 16C2 and, independently, by Ufanotte 
in France m 1679 It is os follows — 

If the temperature of o given mass of gas is 
Fig 128 kept constant, the pressure vanes inversely as 

the V oluroe, ie i( p, v denote the pressure and volume respectively, 
then p cc * 


%e w =« X constant, 

^ V 

or pv= constant 

Alternatively , if a mass of gas has a volume tj when the pressure 
ispj, a volume Vj when the pressure is ft a volume Uj when the pressure 
IS ft and so on, then 

A method of verifying Boyle’s Law expetimentRUy is given in §74 

Bxample 1, — Amois oJatfalatmoaphenopressureoccupiesHcub in 
To find the pressure intensity when the tolume is reduced to 24 enh in , 
talcing an atmosphere as itlbAiersq in 

Let p be the required preMOre intensity in pounds per square inch 
Then, by Boyle’s Law, | 
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X 24 = 44 X 15 ; 


P = 


44 X 15 
24 


11 X 5 
2 


27^ lb. per sq. in. 


E^raple 2 . — A bubble of air rises from the bottom of a lake, and its 
diameter has doubled when it reaches the surface. To find the depth 
of the lake. 

The volume of a sphere is proportional to the cube of its diameter 
[’.■ volume = = ^7r(diameter)®]; 

.'. volume at surface = 8 times volume at bottom. 
Therefore, by Boyle’s Law, 

pressure at surface = ^ pressure at bottom ; 

.■. pressure at bottom = 8 atmospheres. 

Now, taking the height of the water barometer as 34 ft., the pressure 
increases 1 atmosphere for every 34 ft. descended. But the difference 
of pressure at the top and bottom is 8 — 1, or 7 atmospheres; 
required depth of lake ~ 34 x 7 = 238 ft. 

Example 3 . — A cylinder, mth its axis vertical, is closed at the top 
by a sliding piston of weight 6 lb. and contains gas. When a weight of 
1 lb. is placed on top of the piston, the gnston sinks a distance of 1 in. 
Find how much farther it will sink when an additional 1 lb. weight is 
placed on it. {Neglect atmospheric pressure.) [Inter. Eng.) 

Let the length of the gas chamber be h in., and the cross-section 
s sq. in. 

Let Fig. 129 represent the three cases. Originally Fig. 129 (a), 
the volume of gas is sh cub. in. and the total pressure is 6 lb. wt. 


t-x 


(a) Cb) (C) 

Fig. 129. 

Thus, originally, 

pressure X volume = &sh (i) 

In the second case, Fig. 129 (6), when an additional 1 lb. wt. is added, 

the total pressure is 7 lb. wt. and the volume is s (h — 1) cub. in. 

Hence pressure X volume = 7s (A — 1) (ii) 

In the third case. Fig. 129 (c), the total pressure is 8 lb. wt. and the 
total volume is now only s (/i — 1 — sc) cub. in., where x in. is the 
distance further depressed. 
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and since the piessnte intensity at B is atmosphenc, 

30 = 30 -/+^^, 

2+C 

<» + 2/— 15 = 0, 

(l+5)(I-3) = 0, 
t = 3 IS the only possible eolation, 

Neir height of barometer = 30 — 3 in 
= 27m 

When the reading of the faulty barometer is « in , Fig 131 (c), the 
lolume of the air is (32— a) < cub in , and if the pressure isp, we haie 
as before 

' p»(32-i)= 30, 

I 15 

1 e p- 




32 -X 

Then true height of barometer 

= pressure intensity at Q 
— x + pressure intensity at P 
^x + p 

15 

- in 

32 — 1 


='*+■5 


Fig }32 74 Fzpenmeotal renficabon of Boyle s Iiaw 

Boyle’s Law may be renfied experimentalJj as follows — 

Two glass tubes AB CD (Fig 132) are connected by means of 
flesnble rubber tubing and the whole fixed to a lertical stand fitted 
with a vertical scale The rubber tubing and the tubes contain mercury 
between P and Q and air is imprisoned in the upper part of AB 
The tube CD can sbde vertically up and down, changing the pressure, 
and consequently the volume of the imprisoned air In any position, 
the volume of the air in AB will be proportional to the length AP and 
the pressure on this air is the pressure intensit} at P If h is the height 
of the mercurj barometer, 

pressure intensity at P = pressure intensity at R 

= A + QR 

It will be found experimentally that AP is inverselyproportional toh+QB, 
%e AP (b + QR> = constant, 

t e volume X pte<«uie *= constant 
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To verify Boyle’s Law for any other gas, it is only necessary to 
substitute that gas for air in the tube AB, 

75. Relations between pressure, density, and temperature of a gas 
Suppose a mass of gas has an original pressure original volume 
Vq, and original density Po, and that at some subsequent stage by 
altering either the pressure or volume but not the temperature these 
values are p, v, p. 

Then, from Boyle’s Law, 

PoVa = pv (i) 


Since the mass of gas must remain unaltered we also have 



PaVo= pv 

(ii) 

Dividing (i) by (ii). 

Po^T 

(iii) 

Po P 

Hence ^ is constant for a given gas. 

ix. 

T = op 

(iv) 

where c is a constant. 

In other words, the pressure 

in a given kind of gas at a 

given temperature 


is proportional to its density. 

Now suppose that the temperature is altered but that the pressure 
remains constant, there will be a change in volume because an increase 
in temperature will cause the gas to expand. The relation between 
the volumes is known as Charles’ Law, having been experimentally 
discovered in 1787 by J. Charles; it may be stated thus: — 

If the pressure of a given mass of gas is kept constant, for each 
increase of 1° C. in its temperature, its volume increases by a definite 
fraction of its volume at 0” C. 

Thus, if V be the volume of a given mass of gas at 1° C., and 
the volume at 0° C., the increase in volume per degree Centigrade is 
aUfl where a is a constant, 
i.e. volume increase for C. = ; 

«=■[!(, + ah'a 

= Vo (1 + at) (v) 

If P(, p be the densities at 0° C. and t° C, respectively we have 
from (ii), which is still true because the mass is unaltered. 

- 

P 

Hence (v) becomes 

ho = P "b “0 (''•) 
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For air and mret gases a is fonud eipeninentaUj to be approximately 
From, equation (iv), wu have that the density is proportional 
to the pressure if the tempmitun is constant, 

* ^ p cc p if f constant (ni) 

\Iso, from (vi), the density (p) = p*^(l + el) when the pfcwre is 
constant, and since is a constant for the gas, ire mav irnle 

p cc j if p constant (rm) 

IVe irant to discover from these tiro relations (vu) and (vm), the 
connection betireen p, p, / when thev are all liable to varv 
IVe imte (ni) as 

p = p X > function of t 
= pX/{f), sav (ix) 

for when t is constant / (/) i» constant and ire have simply relation (ni) 
S imilar ly (rm) may be written 

P = T — X a function of p 
1 -r ot 


• X ^ (p) sat 


(1) 


and equating (ix) and (x) 


iM 

1 -i-a 

p 


* <I - ai)/{t) 


I c a function of p alone eqnab a function of I alone which is onlr 
possible if each «ide equals a constant. Let this constant be ^ Then 


“roTSi- 

either (ii) or (i) becomes 

P 

fe p = ip(I-}-o/) (n) 

giving the relation between p, p t when they are all liable to variation. 
It must be realised that ^jle s and Charles’ Laws are not absolutelv 
true for all ranges of temperature and pressure The conception of 
a “ perfect gas ’ analogous to a perfect fluid ’ is introduced for which 
the gaseous laws are assumed to be true for all ranges If such a 
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“ perfect gas ” were cooled below 0“ C., keeping the pressure constant, 
its volume would theoretically vanish, from (v) at a" temperature 
t given by 

1 + = 0 , 



a 


= - 273. 

This temperature of — 273° C. is known as the absolute zero and 
temperatures measured from this zero are called absolute temferalures. 
If we let T denote the absolute temperature, then f C. is equivalent 
to 273 + ^ on tbe absolute scale, 
i.e. T = 273 + < 



a 


Equation (xi) may be written 

j> = kp(\ + at) 



— kpaT ; 


where v is the volume of the given mass of gas, 

= ka.pv 

= ka X mass of the gas 
= constant, say R, 

then pv ~ BT (xii) 

Hence the product of the pressure and the volume of a given mass 
of gas is proportional to its absolute temperature. 


Example 1. — A kilogram of air is contained in a closed vessel whose 
capacity is 1000 cm.^. Find the ratio of its pressure to the atmospheric 
pressure, assuming the atmospheric density to be 0-00129 gnn.jcm?. 

(Inter. Sc.) 

The air in the closed vessel has a volume of 1000 c.cm. and a weight 
of 1 kilog., hence its density is 1 grm./cm.®. But the atmospheric 
density is 0-00129 grm./cm.®; 

ratio of densities is 1 : 0-00129, 
or 100,000:129; 

from equation (iv), 

ratio of pressures is also 100,000 : 129. 
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Example 2. — Th^ wl««e oj a certain tnagt of gas at 10'' C. is 
200 c nn JJ tfif pressure is amsfant, at what lernperature tciU its 
volume he 300 c cm. f 

From Cljarles' Law, equation (v), 

250= Cod 4- 10a), 

and 300 = Co (I + M), 

where C. m the tenip<‘rattire required 
Dividing the eecond of these equations b/ the first, 

300 __ 1 4* ta 
l“+ iOa' 

\c C(1 4- I0a)*=5(l +/a); 

/. / = A 4- 12 

= C6 C* C. since a =» 


Example Z.^A mass e/atruwler a gtcen pressure occupies 2icuh tri. 
at Ike temperature of 39* C. If the pressure he diminish in the ratio 
3 : 4, and the temperature raued to C , show that the volume of the 
air wU he 35 cub. tn 


p be the original pressure and i>j the original density Then 
from equation (xi) 

p = +39a) 10 

In the second ca«c, the volume Imj c, the pressure is given as fp, 
and let the density he Pf 

Then j;i« X/i,(l + 7«a) («) 

Dividing (0 by 00. 


i\tso, since the mass 


Pi (1 4" 39a) 

“ft (I +78«) 

312 p, 1 


2ip, => rpj, 


we base 


4 _ 312 V 
3 “351 21* 


/. p *= 3C cub in. 


76. Mixtures of gases 

Suppose two different gases, contained m closed vessels of different 
volumes, have the same pressure and temperature. If communieation 
IS estahltshed between the two vessels and no chemical action takes 
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place botwocn the gases, it is found expcrimottallij that tlie gases 
permeate each other until they arc thoroughly mixed and that then 
the jiressurc and temperature are the same ns hefore. Tliis experi- 
mental fact ennhlcs us to deduce two important results: — 

(1) If two gases at the same temperature he mixed together in a 
vessel of volume v, and if the pressures of the two gases alone filling 
the volume v arc pi and p^, then the pressure of the mixture is p^ p„. 

Tlic first gas lias a volume v and pressure p^ 

The second gas has a volume v and pressure p,, 

hut if its pressure were p., its volume would he 

Vi 


since, from Boyle’s Law, p„v = py 
Tlius we may consider the two gases as hamng volumes v and 

VaV 

~ and both at the pressure p,. 

Hence, from the experimental evidence quoted above, if they 



are mixed together thev form a mixture of total volume v -f — at a 

Pi 

pressure of py. 

Suppose that this mixture has its volume reduced to v, and that 
its pressure is P. 


From Boyle’s Law 



P = Pi + Ps. 

wliich proves the proposition. 


(2) Two different gases, volumes Vy and v^, pressures py and jh 
respectively, are mixed together so that the volume of the mixture 
is V. To find the pressure of the mixture if the temperatures are kept 
constant. 

The first gas has a volume Vy at a pressure py. 

The second gas has a volume Vj, at a pressure pj, or, alternatively, 

a volume at a pressure py. 

Pi 

Hence we may consider that both gases are at a pressure py, and 
have volumes v, and 

Pi 

When they are mixed, the volume of the mixture is therefore 


Vy -f 


P2% 

Pi 


at a pressure py. 


IKTEB. HYD. 


13 
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But the final volome is to be V, let the nece^san pressnre be P 
Then from Borle’s Law 




and this is the pre‘=sare of the mixture 


Example 1 — A wsel mnlaimng 2 hires of atr at a pre**ure of 
i atmosphere tr put tnio eommunteation vith another tes*el contatniriy 
3 hires of oir at a pressure of 3 atmospheres To find the subsequent 
preswe of the oir in the fteo ressets 

If the pre'^stire m each mass of air were changed to 1 atmosphere, 
the air m the fir’t vessel woaM occopr 2x4 litres a= I htte, and that 
m the second 3x3 litres » 9 litres The total mass of air would 
therefore oceapj 10 btrea at atmospheric ptessore But it has to 
occupy 2+3 litres = S litres (the sum of the volumes of the vessels) 
Since the volume is thus halved, the presnire is doubled therefore 
the required pressure is 2 stmo<pheres 

Example 2 — Ate of rolume 2 tub ft and pressure 3 atmospheres 
and flif of volume 4 cub ft end pressure 2 otmospheres ore slovXtj fottti 
into an on^inofl’y empty te*sel of volume 3 eub fi I>unitg the process 
half the atr {by tcei^iCt) escapes F*nd the pressure of the atr vhen the 
process is eompleied {Inter Sc ) 

■With the notation of the previous paragraph, 

Pi = 3 atmospheres, r, = 2 cub ft , 
and Ps = - atmospheres, r, = 4 cub ft 

From Bovlc’s Law, we mav consider the second quantity of air to have 
a pressure 3 atmospheres, when the corresponding volume O') 
pven by 

3V=2 4. 

4=5 cub ft 

Thus we la\e a combined volume 

2-1-5 cob ft 

all at a pressure pi (= 3 atmospheres), 

1 e volume of mistore = if cub ft , 

and pressure of mixtore = 3 atmospheres 
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If the density of the air at this pressure is iv Ib./cub. ft., then the 

total weight of air is — lb. and half of this is lost, 
o 

Hence final weight is lb. 

i.e. final volume is cub. ft. at a pressure of 3 atmospheres. 

Since the volume has to be 3 cub. ft., if P is the corresponding pressure 
3P = 3.^ from Boyle’s Law; 

.'. P = 2J- atmospheres. 

77. Densities and specific gravities of gases 

We set out below a table of specific gravities of the more important 
gases and the corresponding densities. They are all at a temperature 
0° C. and a pressure of 76 cm. of mercury. 


Air 

Specific Gravities 

0-001293 Nitrogen 

0-001256 

Oxygen 

0-001429 

Carbon Dioxide 

0-001977 

Hydrogen 

0-0000899 

Helium 

0-000178 

Air 

Densities 

... 1-293 grm./litre = 0-0807 lb./ 

cub. ft. 

Oxygen 

... 1-429 

„ = 0-0892 

9 ) 

Hydrogen 

... 0-0899 

„ = 0-0056 

}} 

Nitrogen 

... 1-256 

., = 0-0785 


Carbon Dioxide ... 

... 1-977 

„ = 0-1760 

>> 

Helium 

... 0-1785 

„ = 0-0111 

fi 


78. Decrease of atmospheric pressure "with increase of altitude at 
constant temperature 

The pressure intensity of the atmosphere, which is generally about 
14:'7 lb. wt./sq. in. at the earth’s surface, decreases with altitude since 
at anj^ point (P) above the earth’s surface there is less air above P 
than above the surface and consequently the pressure intensity at 
P is less than li-l lb. wt./sq. in. However, the decrease is not linear, 
since the air is not homogeneous and consequently its density varies. 

By using the integral calculus we may rapidly obtain an expression 
for the pressure intensity of the atmosphere at a height z above the 
earth’s surface, assuming a constant temperature. 

Imagine a column of air [Fig. 133 (o)], of cross-section s sq. ft. and 
suppose PQ represents an element of the column of length Sz at a 



196 


height of 2 ft Let the pressure latensity be p at P and p + at Q 
and po at S, the earth’s enrface Let the density of the air he 
Po at S and p at the height z 

Consider the forces acting on the element PQ [Fig 133 (6)] there 
IS a downward force on the tipper face of the element of amount 
ip -f- Sp) s Ih wt 

In addition there is the weight of the element of air which is 
psSz Ih wt , taking p as constent thionghout the small range 82 

Upwards there is the pressure underneath the element of amount 
ps lb wt 


p'rSp Q 

p p 


Pc.P.- 




Tl 

Sz 

i| 


t.piSf>)s 

\ 


f>sSi 


(a) 

Fig m 


(b) 


Resolving these forces vertically, for the equilibrium of the element 
p« = (p -4- 8p) « + p482, 

0 = Sp -|- pSs, 


82 


= — p 


(0 


Now p \anea mth z, but we know from §75 that for any gas 
pjp = constant, if the temperature is constant, therefore 
Tip = pJpQ> 


and (1) becomes 


I— 


Takmg hmits as 82 -*■ 0, this becomes 

ip _ 
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we may integrate 




Po, 

Po 


'dz 


= — — j <?2 since p^, are constants. 

PoJ 


Pq 

Integrating logs P — 2 + C*. where C is the constant of 

Pa 

integration. 

When z— 0 , p = Pq and therefore 
logs7’o=C- 

Pq2: 

Pinall}^ logc ? = - — + loge 

To 


i.c. I.g,(^) = 


Po’ 

_ P«1 

or P—Po^ Poy 


giving the pressure of the atmosphere (p), at constant temperature at 
a height z in terms of Poi Po the density and pressure of the air at 
the earth’s surface respectively. 

In fact, the temperature of the atmosphere does not remain constant 
at varjnng heights but decreases with height above the grmmd at 
an average rate of 3|° F. per 1000 ft. The rate of fall of temperature 
is known as the lapse rate, the average value of which is very closely the 
same in all latitudes and at all heights up to a fairly well defined limit 
which, for England, is about 7 miles. Above this limit the region is 
known! as the stratosphere. 

If we assume a constant lapse rate we may easily determine the 
decTeasB of atmospheric presanre with aititnde, taking this change of 
temperature into consideration. Using the notation of § 76, equation 
(xi) in that section is 

p = Icp (1 -}- at) 

— I’paT. 


Hence 


p = 


P 

ka.T 


and equation (i) of this present section becomes 



P 

kaH 


(ii) 


If, then, the temperature decreases uniformly with the height z, 
T = To - bz. 
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where Tp is the absolute tempenture of the ground and ft is a constant 
(m fact, the decrease of tcmpeiature j»er unit of height) 


Thus (u) becomes 
and in the limit ns S; 


la(Tp-fc)’ 


> 0, this IS 

rf; 


U(Tp-H 

f<0>. f rf- 
jp JU(Tp-6:) 

1 f - M; 

“ iobjTp-fc’ 


(ill) 


C mav be determined since |> *= p# s = 0, 

(...) log, (£)= ± log, (^) 

which IS a relation between the atmospheric pressure at anj height, 
the temperature there, the pressure nod temperature at ground leiel 
and known constants 


Example — To^iid (^e afmofjiArnc preffiirt at o hnght of lOOOOyi , 
arju/niwj Ihf tcmpcro/iirc fwioiiw «>n«fa«l IhrwighorU this hngfit 

The atmospheric pressure at the earths surface (p,,) la 
14 7 lb wt /sij in , 1 c 14 7 X 144 lb wt /sq ft , and from the table in 
^ ”7, the desv»its of air at the earth's surface (po) 0-0b07 lb ' cub ft 

P=IV P* 

_ 0-<>S07 X 10000 

= 14 7e 14 7 X 144 lb wt /''q in 

= 14 7e~*^^^lb 'rt./sq in 
= KKlSlb wt /«q in fromtable® 


Thus 
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Exercises X 

(1) If the atmospheric pressure is 16 lb. per square inch and the diameters 
of a pair of Magdeburg Hemispheres are 7 in., find the force required to 
pull them apart. 

(2) If the atmospheric pressure at the surface of the earth be I4J lb. per square 
inch, find the height of the water barometer in feet. 

(3) The section of the closed limb of a siphon barometer is to that of the open 
limb as 3 to 17. Tlio mercury rises 1-276 in. in the closed brancli. What 
change takes place in the mercury of an ordinary barometer ? 

(4) A siphon barometer is so constructed that the long closed tube has an 
internal sectional area equal to J sq. in., while the short open tube has an 
internal sectional area equal to J sq. in. Find what fall will take place 
in the long tube of this barometer when the true pressure of the air 
falls 1 in. 

(6) A body floats in water contained in a vessel placed under an exhausted 
receiver with half its volume immersed. Air is then forced into the 
receiver till its density is 80 times that of air at atmospherio pressure. 
Show that the volume immersed in water will then bo four-ninths of the 
whole volume, assuming the specific gravity of air at atmospheric pressure 
to be 0-00125. 

(6) In a tube of uniform bore a quantity of nir is enclosed. What will bo 
the length of this column of air under a pressure of 3 atmospheres, and 
what under a pressure of I atmosphere, its length under the pressure of a 
single atmosphere being 12 in. ? 

(7) Mercury is poured into a uniform bent tube, open at both ends, and 
having its two branches vertical. One end is closed, its height above 
the morouiy being 4 in. How much mercury must be poured into the 
open end so that the mercury may rise 1 in. in the closed branch ? 

(8) A straight uniform tube closed at one end, whoso length is 2h, has the 
open end just immersed in a basin of mercury. If the tube contains a 
quantity of air which under atmospheric pressure would occupy a length 
of the tube equal to f h, show that the mercury will rise in the tube to a 
height equal to fA, A being the height of the mercury barometer at the 
time of the experiment. 

(9) A bubble of air whose volume is 0-0004 cub. in. is formed at the bottom 
of a pond 17 ft. deep. What will be its volume when it reaches the 
surface 1 

(10) When the reading of the true barometer is 30 in., the reading of a barometer 
the tube of which contains a small quantity of air, and whose height above 
the surface of the mercury in which it is immersed is 31J in., is 28 in. 
If the reading of the true barometer falls to 29 in., show that the reading 
of the faulty barometer rvill bo 27J in. 



200 


OASES 


(U) If the atmosphere were homogeaeoiu of density OOS07 lb /cub ft , find 
what its height xrould beiftheatmospherie pressure at the earth’s surfaco 
IS 14 7 lb wt /sq m 

(12) 100 cob m pf air at a |«cssnre of 15 lb to the square inch are pumped 
into a chamber already roDtainmg 50 cub m ofair at a pressure of 101b 
to the square mch What la the pressure of the mixture T 

(13) The top of a xmifona cylmdrical barometer tube is 33 in above the 

level of the mercui} m the container There is a smalt quantity of air 
imprisoned above the mercury at the top of the tube so that the barometer 
reads 28 6 in. •when it should read 29 in What should the barometer 
read when the actual reading u 29 4S in 7 (Inter Sc ) 

(14) A mass of air under given pressure occupies 44 cub in at a temperature 
of 13° C If the volume of the> air is reduced to 24 cub id , and the 
temperature raised to 39* C , show that the pressure will be doubled 

(15) A gas whose volume is 3 and whose pressure is that of 27 in of mercury 
IS mixed with a gas whose volume is 2 5 and piessuie that of 32 in of 
mercury If the origioal temperatures of the gases were the same what 
volume will the mutuw occupy under a pressure of 30 m of mercury, 
the temperatuK being unaltered 7 

(19) VS hen the height of the barometer IS 30 in , a glass tube 20 ui long, sealed 
at the upper end, is immersed vertically in mercury until the upper end 
of the tube is in the level of the surface of the mercury Find how far 
the mercury will nee in tbe tube (Inter Sc ) 

(17) Dctermme the buoyancy of the air on a spherical balloon 10 metres in 
diameter, given that a metre cube of air weighs one kilogram, and, if 
the balloon u filled with hydrogen of which 8 cubic metres weigh a kilogram, 
prove that it can nse if the gross weight is about 458 kilog 

(18) Air at a pressure of 20 lb /m * is impruoned to a cylinder which is fitted 

with a piston When the piston is pushed m a distanco of 8 m from its 
initial position the pressure of the rontamed air becomes 30 lb /in * 
Calculate the pressure when the piston is pushed in 12 in from its initial 
position, and the thrust then exerted on the puton if its section is a circle 
of diameter 6 in (Inter Sc ) 

(19) A cylindrical jar, of length 3o, open at the top, « inverted and partially 
immersed so that one third of its length is under water If the height of 
the water barometer is twice the length of the |ar, find the distance which 
the water rises in the jar 

(20) A heavy cubical vessel, made of thin sheet metal, is of side 3 ft and has 
a small hole in one face It floats half immersed on the surface of a large 
sheet of w^ter with this face horizontal and lowermost, the vessel itself 
being one-third full of water If it is slowly drawn down under the 
surface without rotation show that, after its lop fsc© has reached a certain 
depth below the surface, it will not nse again if released Taking the 
height of the water barometer to be 34 ft , find this depth (H S C , I ) 
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ANSWERS 

1. i atmosphere. 2. 33-408 ft. 3. IJ in. rise. 

4. f in. 6. 4 in., 36 in. 7. Enough to fill 12 in. of tube. 

9. 0-0006 cub. in. 11. 4-97 miles. 12. 40 lb. -n-t./sq. in. 

13. 29-98 in. 15. 5-36. 16. 6-28 in. 

17. 5^? (1 _ «) -where s is S.G. of hydrogen compared with air. 

o 

18. 401b. n-t./sq. in., 1131-12 lb. -n-t, 19. 0-31a. 20. 3i| ft. 



CHAPTER XI 

HYDROSTATIC MACHINES 


79 Introduction 

We propose to consider in this chapter the action of machines 
■which depend for their working on hydrostatic principles One such 
raachme, the Hydraulic (Bramah) Press, we considered in § 10 and 
here we shall study the action of the diving bell, siphon, and a vanetj 
of pumps 






80 The diving bell 

This IS a heavy cylindrical or bell shaped vessel, closed at the top 
and open at the bottom It la Urge enough to hold several people 
and heavy enough to sink m water 
P - under its own weight, taking its con 

tamed air down with it It is lowered 
by means of a cham and its purpose is 
to enable men to ■work in it at the 
bottom of deep water As it sinks 
mto the water, the pressure of the 
contained air gradually increases since 
It >3 equal to the pressure of the water 
With which it 15 in contact Hence the 
air IS compressed and water rises slightly 
in the bell To overcome this, there 
are two tubes connecting the bell -with 
the surface, through one of which air is 
pumped while through the other, air can escape The bell is supported 
partly by the tension of the chain and partly by the buoyancy of the 
water, which depends on the volume of air in the bell 

Suppose the bell represented diagrammatically in Fig 134, is 
cj Iindncal and no ait is pumped ui or allowed to escape To determine 
for a certain depth — 


i||M|l| 
l|l|l|l| 
II 1 1 1 1 1 1 

X 

a t 

Trf 

/T.I 


£-313 



Fig 134 


(1) The height to which water rises in the bell, 

(2) The tension in the supporting chain, 

(3) The volume of air at atmospheric pressure which would have to 
he forced in to prevent the water rising m the bell 

(1) Let H be the height of the water barometer, s sq ft the cross 
section area of the bell, d ft , the depth of the top of the bell, A ft , 
the height of the hell and x ft , the height of free air in the bell 
202 
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Originally the volume of air in the bell = hs cub. ft., and the 
original pressure is atmospheric (H ft. of water). 

The pressure of the air in the bell when it is submerged is equal 
to the pressure intensity of the water with which it is in contact, 
i.e. = pressure intensity at depth (d + x) ft. 

= H + rf + x, 

and the volume, when submerged, 

= sx cub. ft. 

Therefore, from Boyle’s Law, 

original pressure X volume = final pressure X volume, 
i.e. H.hs = (H -b d + a:) sa:; 

.'. z* + a: (H + d) — HA = 0. 

This is a quadratic equation for x with only one positive root, which 
is the value we require, when A — z is the height to which water rises 
in the bell. 

(2) To find the tension in the supporting chain, we equate the 
downward forces acting on the bell to the upward forces. The down- 
ward forces are: — 

(i) Weight of bell. Let this be W lb. wt. 

(ii) Weight of enclosed air. 

The upward forces are: — 

(i) Tension in the chain, say T lb. %vt. 

(ii) The upthrust due to the water displaced by the bell. 

The amount of water displaced by the bell is xs cub. ft., therefore 
its weight is xsp lb. wt. if p is the density of water. We may neglect 
the upthrust due to the water displaced by the actual metal of the 
bell, since this will be very small in comparison with the air displaced, 
and we may also neglect the weight of the enclosed air which, again, 
will be very small compared with the weight of the bell. 

Hence, equating upward and downward forces, 

T + xsp — W ; 

T = W — xsp lb. wt. 

(3) Let the volume of air which must be forced in at atmospheric 
pressure (H) to expel the water from the bell be v. The volume of 
air originally in the bell at atmospheric pressure was Its. 

Thus we have a total volume v As of air at atmospheric pressure 
H compressed into a volume As at a pressure of H A -(- rf; 

.'. from Boyle’s Law 

(v -f- As) H = As (H -f- 7i -f d) ; 

As (A -f- d) 

H — 
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E xa mple 1 — An iron dtmnff htdl weigla 6 ton, and holds ICO cuh'ft 
of aiT’ To find the tension m the supporting chain tchen the bell ts 
completely immersed in sea icater and full of air (specific gravity 
of iron — 7 2, of sea icater 1 024) 

Weight of a cubic foot of sea water = 1024 or = 64 lb wt , 
weight of water displaced by air inside = 64 x 160= 10 2401b , 

, , » ironofbell = 6 X 1 024 — 7 2 ton 

= 19111b (to nearest lb ) , 

total weight of water displaced = 12 151 lb wt 

But weight of bell = 6 X 2240 = 13,440 lb wt , 

tension of chain *= 1289 lb wt 

Example 2 — If a bellichose internal capacity is 200cub ft ts lowered 
in a Titer till its base is 20 ft heloio the surface, to find how many cubic 
feet of air at atmospheric pressure must be pumped in to preient the 
water from nsing inside 

Let V bo tbe volume which the air filling the bell would occupy 
when at atmospheric pressure 

The pressure of atmosphere = that due to 34 ft of water, 
inside bell = 34 + 20 ft 

The volume actually occupied by tbe a>r = 200 cub ft 
Therefore by Boyle slaw 

vx 34 * 200 x 54, 

V *= 200 X 54 — 34 «= 318 cub ft nearly 
Hence 318 — 200 or 118 cub ft of air at atmospheric pressure 
must be pumped in 

Example 3 — A bottle full of air is inverted and louered in water 
to a depth of 61 ft To find how much water has entered the bottle 

Here the pressure increases 1 atmosphere for 34 ft , or I J atmospheres 
for 51 ft descended Therefore the pressure at 51 ft depth is 2} 
or * times that at the surface Hence by Boyle’s Law, the %olume 
of the air is g- its volume at the surface Therefore the water enters 
till it fills the remaining ^ of the volume of the bottle 

Example 4 — A cylindrical dmng belt 9 ft high is lowered into a 
lake until the top of the bell IS 11 ft bdow (he surface If no air is pumped 
tn to find how high the water rises tn the interior 

Let 2 ft be the height still occupied by air (AQ Fig 134) 

Then tbe depth PQ=(ll+*)fl 
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The pressure at Q is therefore that due to ‘a head of water of 
(34 + 11 +a:)ft. = (45 +a:)ft. 

But the air originally occupied a length of 9 ft. under a pressure 
of 34 ft. head of water. Therefore, hy Boyle’s Law, 

« 34 X 9 = (45 + ®) X x; 

.-. x^+i5x— 306 = 0. 

Solving this quadratic equation by factorising or otherwise, we have 
(x + 61) (x — 6) =: 0; 

.’. x= — 51 or 6. 

Now the length occupied by air cannot be a minus quantity; 

.'. X = 6, and the water rises in the bell through 9^6 or 3 ft. 

Example 5 . — A cylindrical diving bell of uniform cross-section is 
suspended vertically vrith its base just immersed in a large lalce and the 
air supply line is then closed by a valve 
at its junction with the bell. The diving 
bell has a height h equal to that of the 
ivater barometer. If the bell is lowered 
a distance nh,find the fraction A of the 
length of the bell which contains air and 
show that, when n is very large, A = 1/m 
approximately. 

If additional air is then pumped in 
to clear the bell of water, show that this 
is sufficient to fill n such diving bells in 
the original position with air at atmo- 
spheric pressure (n is not necessarily 
taken large here). (H.S.C., I.) 

Consider Kg. 135. If A and B 
represent two points at the same level. Fig. 135 . 

A being in the surface of the water in the 

diving bell, the pressure intensities at A and Bare equal. But the pressure 
intensity at A is the pressure to which the air in the bell is subjected, and 
press, int. at B = atmospheric pressure. + press, due to depth of B 
= + (m — 1) h + Ah, 

since h is the height of the water barometer and the depth of B is 
nh — h + Ah; 

.'. pressure on air in bell = h + (« — 1) h + Ah. 

But volume of air in bell = Ahs if s = cross-section area. 

Originally the volume was hs and the pressure h, thus from Boyle’s Law 
h .hs = A7is [h + (m — 1) h + Ah]; 

1 = A (1 + n - 1 + A) 

= Am + A*; 
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* A IS given by 

A* 4- An — 1 = 0 (i) 

' A = — |w + iVn* 4 4, 

since onI\ the positive a aloe of the square root can be taken to gi\e 
a positive valne for A 

It IS cleat from cqnation (i) that when n is la^e, A is a small positn e 
fraction and hence A* is negligible compared with A, so that for aer) 
large values of n, equation (i) becomes approximately 
An = 1, 



n 

Suppose that a > olome V of air at atmosphenc pressure A has to 
be pumped in to clear the bell of irater Ongmally the bell contamed 
a I olume hs of air at atmosphenc 
pressnre A, thus there is a total 
volnme, 

V 4 hs of air at atmosphenc 

pressure A, 
but this has been condensed to 
a volume 

As of air at a pressure equal 
to the pressure intensitv at a 
depth nA, 

» e a pressure mtensity of 

A 4«A 

Thus, from Boyle's La-w 

(V 4 As) A = As (A 4 uA) 

rig 136 V = enh 

= n sA, 

1 c the volume of air at atmosphenc pressure required to be pumped 
in 13 n times the volume of air contamed bv the bell in the onginal 
position at atmosphenc pressure, 

t e the volume required is eoffiaent to 611 n such diving bells in the 
onginal position with air at atmosphenc pressure 

81. The siphon 

This IS an instrument which maj be u^ed for emptying vessels 
containing liquid It consists of a bent tube, one arm being longer 
than the other (Fig 136) 

To explain its action, suppose that the siphon has been filled with 
liquid, both ends A, D having been temporarily closed with plug®, 
and that the shorter arm hasbeen lowered into a vesselof the same liquid, 
as in Fig 136 Now let the end A be opened, the end D being still closed 
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Then, if the height PB is less than the height to ■n'liich the liquid 
would ascend in a barometer, the pressure of tlie atmosphere on tlic 
surface P will prevent a vacuum from forming in the tube, which will 
therefore remain filled with liquid. 

And if Q bo taken on the longer .arm on the level of the surface 
at P, then (by connecting Q with P by a zigzag or horizontal and 
vertical lines) we may show that the pressure at Q is equal to that 
at P, i,e. to the atmospheric pressure. The pressure inside the tube 
at D is therefore greater than outside by the amount due to the column 
QD, and this e.vcess of pressure tends to force the plug out. 

If, therefore, the plug is removed, the liquid will flow out at D. 
And, since no vacuum is formed in the tube, the pressure of the 
atmosphere at P will cause fresh liquid to rise in the tube at A, thus 
producing a continuous stream. 

Thus the two conditions which are necessary for the siphon to 
function arc: — 

(1) The end D must be below the level of the liquid in the vessel 
which is to be emptied, i.c. D must be lower tlian P, and 

(2) The height of the top of the siphon above the level of the liquid 
must bo less than the height of tlic barometer for the liquid concerned, 
I.c. BP must be less than about 34 ft. if w'ater is being siphoned or less 
than about 30 in. if mercury is siplioned. 

82, Pumps 

The remainder of this chapter is devoted to pumps and we shall 
consider those which depend for their w'orking on the law^s of fluid 
pressure. 

The types of pumps Jiere studied will be 

(i) Water Pumps, for raising water and discharging it at a higher 
level; 

(ii) Air Pumps, for e.vhausting or partially exhausting the air 
from a vessel; 

(iii) Air Condensers, for increasing the pressure of air in a vessel. 

83. The common or suction pump 

This consists of a barrel or cylinder connected wdth the water to 
be raised by a pipe which opens into the bottom of the barrel (Fig. 137). 
There is a valve U, opening upwards, where the pipe joins the barrel. 

In the barrel there is a closely fitting piston (P) which can be raised 
or lowered by means of a piston rod connected to the pump handle (L). 
There is another valve V, opening upwards, in the piston and the water 
is discharged through the spout S. 
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To explain the action of the pump start with the barrel full of 
water and the piston at the bottom of the cyhnder 

In the up stroke [Fig 137 (o)] the valve V remains closed and the 
pressure below the piston is reduced and the atmospheric pressure 
acting on the surface of the water in the well forces water up the pipe 
which lifts the valve U and enters the barrel At the same time the 
water above tbe piston is raised to the level of the spout and runs out 
Zn (h& dowjn strote [Fig 137 (6)] the valve U closes and the water 
hfts the vah e V and passes from the lower to the upper side of the 
piston P 

In the next up stroke this water is raised to the spout while a 
fresh supply of water runs into the barrel through the valve U 



Since the water below the piston is raised from below by the pressure 
of the atmosphere it follows that the height of the piston abo%e the 
surface of the water must never exceed the height of the water 
barometer otherwise a vacuum will be formed in the barrel and 
water will cease to flow in 

IVTien the pump is first placed in water the pipe and barrel are 
full of air which has to be pumped out before tbe water will rise in 
the barrel 

Suppose we start with the piston at the bottom of the bane! 

In the Jirst up-stroke the air in the pipe expands and part of it 
rushes through the valve U into the barrel while the reduction of 
pressure allows a column of water to rise up into the pipe 
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In the first down-stroke, the valve U closes, and as soon as the air 
in the barrel is compressed to atmospheric pressure it begins to 
escape through V. 

hi the next upstroke, the air in the pipe again expands through tJie 
valve U into the cylinder, and the reduction of pressure allows the 
water to rise still further in the pipe. This process continues till 
the water at last reaches the barrel, when the continuous action as a 
water-pump begins, and a volume of water equal to that of the barrel 
is raised at each stroke. 

Example 1. — To find the force required to lift the piston (neglecting 
the tceight of the piston), if its sectional area is 100 sq. cm. and the spout 
is 10 m. above the water surface in the toell. 

Let X cm. be the depth of the piston below the spout, h cm. the 
height of the water barometer. Then the pressures above and below 
the piston are due to heads of water of heights 

(h -{- x) and {h ~ (1000 — a:)) cm., 

respectively. Therefore their difference is that due to a head of 
1000 cm. (the total height of the column, as we should expect). Hence 

diff. of pressures on two sides of the piston = 1000 grm. per sq. cm. 
Also area of piston = 100 sq. cm. ; 

.'. resultant force on piston = 1000 x 100 grm. = 100 kilog. 

Excunple 2. — If the spout is 10 ft. above the icater surface, and 5 lb. 
of water are delivered at each stroke, to find the ivork done in the upstroke. 

Let the length of the stroke be I ft., and let the sectional area of 
the piston be A sq. ft. 

The difference of pressures ou the two sides of the piston 
= that due to a head of 10 ft. of water 
= 10,000 oz, per sq. ft. 

= 10,000/16 lb. per sq. ft.; 

.'. resultant thrust on piston = 10,000 X A/16 lb.; 

work done in up-stroke = 10,000 x Al/16 ft. -lb. 

Now Al — volume of water raised to spout in cubic feet; 

.'. lOOOAf = weight of water raised in ounces, 
and 1000A?/16 = weight of water raised in pounds 
= 5 lb. (by data); 

.’. work done in up-stroke = 5 X 10 ft.-lb. = 50 ft.-lb. 

This is the work required to raise the 5 lb. of water through the 
total height of 10 ft. 

IXTER. HYD. 
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Hence the icorl done hy the pump i* the sai le as tj the icater were 
lifted direcilj up fro>i the bedtom of the well to tie spout This is m 
accordance mth the Principle of Conservation of Energy 

Example 3 — The bottom of the barrel is 20 ft above the surface of 
the icater and the section of the pipe ts ^ of that of tie barrel find tie 
height of the icater «A«n the piston has been raised 1 ft given the height 
of tie i^er barometer = 33 

Let X ft bo the required height of the \vater 
Before the up stroke the air occupies 20 ft of pipe under a pressure 
of 33 ft of vrater 

After the up stroke the air occupies (20 — i) ft of pipe pi is the 
volume of the barrel under a pressure of (33 — z) ft of water 

Now the volume of air in the barrel is 5 times the volume of an 
equal length of pipe and is therefore equal to 
that of 5 ft of pipe 

Hence the air occupies a total volume 
equivalent to 

(20 - * + 5) ft 
I e 25 — I ft of pipe 
Therefore from Boyle a Law 

20 X 33 = (25 - X) (33 ~ z) 
z» - 58z + 165 =» 0 

z = 55 or 8 

The only possible solution is z = 3 and the 
water rises 3 ft 


84 The liftmg pump 

This IS an adaptation of the common 
j ump for raising the water above the pump to any desired height 
The top of the barrel (Fig 138) is not open as in the common pump 
but has a lid through which the piston rod passes by means of a tight 
fitting collar From the barrel a pipe leads upwards with a valve 
at the junction 

In the up stroke the water above the piston is bfted up into the 
vpper pipe and more waterw drawn upmto the barrel beloi^the piston 
In the down stroke the upper and lower valves close the middle 
one (in the piston) opens and allows the water below the piston to 
pass through mto the upper part of the barrel 

Thercas no hmit to the height to which water can he lifted above 
the piston but as in the common pnmp the colnmn below the piston 
cannot exceed the height of a barometer of the liquid that is being 
pumped 



Fig I3S 
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85. The forcing pump 

This clifiers from flic common pump in having n solid piston 
[Fig. 139 (fl)]. mid tlie outlet, pipe lends away from the bottom of 
the barrel, there being n valve (V) at the join. 

In tlie up-stroke, the valve V closc.s, the valve U ojiens and wafer 
i-: drnini into the barrel. 


In the dowm-stroke [shown in Fig. 139 («)] the valve U closes, V 
ojicns and wafer is forced through the outlet pipe. This results in 
an intermittent flow, since no water is forced through the outlet pipe 
when the piston is being raised. This is, for many purposc.s, a .serious 
disadvantage and this may ho overcome to a certain c-vtent by making 
the water pa.ss througli the valve V at the bottom of the barrel into a 
chamber (G) [Fig. 139 (6)], from which the outlet pijic emerges. Thus, 
wlien the water in this chamber rcnchc.s the base of the outlet tube 
a certain amount of air i.s 
imprisoned. If water is 
pumped up faster than it can 
get away tbrougb the outle.t 
pipe the. air in the chamher 
is comprc.s.=cd and thi.s prc.s- 
Eure liclps to maintain an 
even flow through tlie outlet 
tiilio wliilo the piston i.s being 
raised. 


Down 





(b) 


86. The tiir pump 

This is simply a common - — 

pump used for pumping out (a) 

air in.stead of water. The Kig. 130 . 

vessel to be exhausted of air 

i.s called the receiver (A) and the pump itself consists of a cylinder (B) 
in wiiich a piston travels, both containing valves opening outwards 
from the receiver. 

To de.scrihe the action of the pump, consider Fig. 140, and suppose 
the piston at the bottom of the barrel. 

In the upstroke [Fig. 140 (a)] the valve V closes, and the air in the 
receiver and tube lifts the valve U, and part of it passe.s into the barrel. 
At the end of the up-stroke tlie barrel is therefore fdicd with air at 
the same pressure, and therefore also at the same density, as the air 
left in tlie receiver. 


In (he first pari of (he down-stroke [Fig. 140 (6)] the valve U closes, 
and the valve V also remains closed, while the air beneath the piston is 
compressed until its pressure equals that of the atmosphere. 
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In the renuitnder 0 / the doien sindte (Fig 140 (c)] the j iston \ ah e ^ 
oj>ens and allows the air to e<«ipc &om beneath the pi ton 

To fnd the and }>re^ure of the air left ih the rrcnrer after 

n ffro4f< 

Let \ be the volume of the receiver and counectins; pipe B thit 
of the barrel Let D be the deixitj of the atnio«pheric air originalli 
m the receiver Let dj rf, rf, be the den*ities of the air left after 
12 n 'troVes re‘'pectivelv 

\fter the fir«t up stroke the air on'Tnallv in the receiver expands 
from volume K to volnme A. + B Hence «iDce it« mass is unaltered 
Its densities are connected bv the relation 


rf,(V + B) = I)A 



Y 


(a) (fa) (c) 

tig 140 

During the down «troLe the air left m the recener remains at 
the same density dj unaltered but in the neit up-stroke it acsin 
expands in i olume from A to A t B Hence for its subsequent 
density we hai'e 


d,(\-rB>«d,\ 



At the third stroke the air left m the receiver again Mjw»nd« m 
^ olatne from V to A B and tbetefore , 


d, ( V a- B) = d^A 
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Proceeding iii this way, it is obvious that the density of the air 
is reduced at each up-stroke in the ratio of A to A -f- B, and therefore 
after 11 strokes it is given bj' 


^ = D 



But since 
we have 


pressure in receiver after n strokes (J„ 

atmospheric pressure D’ 


pressure in receiver after n strokes = 


( A \ 


Example 1 . — The volumes of the barrel and receiver are 25 and 
75 cub. in.; to find the pressure of the air left after 3 strokes. 

In the first up-stroke, 75 cub. in. of air at atmospheric pressure 
expand till they fill the receiver and barrel, i.e. 100 cub. in.; 

.'. j>ressure after the stroke = atmosphere. 

In each succeeding up-stroke, the air remaining in the receiver 
expands from 75 to 100 cub. in., and its pressure is therefore reduced 
to J what it was before; 

.'. pressure after 3 strokes = |x |x atmosphere. 


Example 2 . — The volume of the barrel being Uvo-fifths that of the 
receiver, to find hoia many strokes are required to reduce the density to 
less than one-third the original density. 


Here 


B-4- • ^ = ^ = 5 

5 ’ •• A-pB 5-f2 7' 


Now («)4 

Hence 4 strokes are required. 


0 2 fl ^ \ 
■"TTTT ^ a- 


87. The condenser or condensing pump 

This is, in effect, the ordinary bicycle pump; used to increase the 
pressure of the air in a vessel or receiver. It consists of a barrel B, 
traversed by a piston 'P, and communicating at one end with the 
vessel A, into which air is to be compressed. 

This vessel is called the receiver, and is shown in Pig. 141. 

Both the piston and the end of the barrel contain valves V, F 
opening /row the outside air towards the receiver. 

In the backward stroke {i.e. when the piston P is being pulled back 
[Fig. 141 (a)], the valve F is closed by the pressure in the receiver, while 
air at atmospheric pressure passes through the valve V to the front 
of the piston and fills the barrel. 
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In the beginning oj thefoncard ttride [Fig 141 (6)] both valres T,T 
remain clo<^d, and the air lU'ide the barrel is compressed until its 
pressure just equals that in the receiver, except in the first stroke, 
when the air in the receiver is at atmospheric pressure and P opens 
at once 

Jnth€TemainieTofthefoTvardarole{£io 141(c)] the valve F opens, 
and air is forced through it into the receiver 

In what follows, the backward and forward strokes of the pi«ton 
of a pnmp are together considered as constituting one complete stroke 
of the pump 

Example 1 — The volume of the retexter la 80 cub in , and that 
of the barrel 20 cub in Find hote many stroles must be made before 
the pressure of the air in the rereitw ts 3 atmospheres 



Fig Ml 


Bojle’s Law the density la the receiver is three times the 
density of atmospheric an Hence the air in the receiver would 
occupy 240 cub in at atmospheric pressure, 

160 cub in of air bare been forced in 
But at each back stroke 20 enb in of air enter tbe barrel and 
are forced into the receiver at the forward stroke, 

nuidoer «ft com^ieie ^erdwea = YiSW/ib =% 

Example 2 — To find vhen the ro/re »n the barrel opens in the next 
forvard strobe («cc Example 1) 

The valve F opens when the air m the barrel has a pressure of 
3 atmospheres, that is, when it occupies one-third its original volume 
or the piston has traver^d two-thiids the length of the harrel 
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To find the density and pressure »i the receiver after n complete strohes. 

Lot A be the volume of the receiver, B thnt of the barrel, D the 
density of atmosjibcric air, d the density in the receiver after n strokes. 

Then the receiver originally contained a mass of air AD. 

At each backward stroke a volume B of air at atmospheric density 
D enters the barrel. At the forward stroke this air enters the receiver. 
Hence, after complete strokes, 

mass of air in receiver = (A + »iB) D. 

But it.s volume = A; 

its density d — D = -f- n ~^D. 

Hence 

pressure in receiver = -j- »iY^ntrao.sphercs. 

Exercises XI 

(1) A siphon is filled with water and inverted into a vessel of liquid of spccifie 
gravity 1 G. Wial is the condition that the liquid may flow through the 
siphon 7 

(2) A diving Ih' 11 whose cnp.acity is 600 cub. ft. is lowered in water until its 
month is at a depth of 61 ft. below tbo surface. How much air at ordinary 
atmospheric pressure must bo pumped in so that all the water may bo 
oxpollwl 7 

(3) The top of a cylindrical diving bell, whose volume is 200 cub. ft. and 
height 8 ft., is at a depth of CO ft. below tho surface of tho water. How 
much air at ordinary atmospheric pressure must be pumped in to hoop 
the bell full of air 7 

(4) A diving bell S ft. high is lowered in water until its top is GO ft. below 
the .surface. What depth of water will have entered the bell 7 

(6) A diving bell is lowered in a lake until two-thirds of it is filled svith water. 
Show that, if d bo tho depth of the top of tho bell below tho surface, tho 
height of the bell is 3 (2A — d), where A is the height of tho water barometer. 

(0) If tbo water barometer stands at 33 ft. 8 in., and if a common pump is 
to bo used to raise petroleum from an oil-well, find tho greatest height 
at which tho lower valve of tho pump can bo placed above tho surface 
of tho oil in the well. (Tho specific gravity of potrolciim is 0-8.) 

(7) The volumc.s of tho receiver and barrel of a condenser aro in tho ratio 
of 5 to 1 ; find the density of the air in tho receiver after 3 complete strokes. 

(5) Tho volume of tho receiver of an exhausting air pump being 9 times that 
of tho barrel, how many strokes must bo made before tho density in tho 
receiver is one-thirfl thnt of tho external air 7 
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(9) A dmng bell of cyliRdnral fonn is sunV to a gjTcn depth, how much 
must the temperature of the mclosed aif be raised that the w ater may not 
mo inside the bell 7 

(10) A cylindrical tumbler, the volume and density of whose substance are 
0 and v', and the area of ubose internal cross section is A, is forced mouth 
downwards into a liquid of density to prove that it will tend to sink 
w hen the length of tho nir column inside it reaches the value 



(11) Calculate the height to whiih the water will rise m a cylindrical diring 
hell, 12 ft high, when its top fa lowered at a depth of 60 ft , being given 
that the temperature of air at the surface is 27® C, height of water 
barometer at surface 33 ft , and temperature of water 7® C 

(12) A barometer tube ] ft long, containing air at atmospheric pressure, was 
lowered vertically into the sea with ita closed end uppermost Ulien it 
reached the eutface agaui it was found that the water had risen to a 
mavimum height of 10 in in the tube Taking the height of the mercury 
barometer as 30 in , the epecific gravity of mercury as 13 6 and the epeci/ie 
gravity of sea water as 1 025, find the depth reached by the tube 

(HSC.I) 

(13) A uniform metal pipe of email bore is closed at one end and bent into the 
form of three quarters of the circumference of a circle It is placed m 
the vertical plane to that the closed end is at the highest point of the 
circle, and liquid is poured in until it la on the point of oveifiowtng If 
the imprisoned air then occupies half tho length of the pipe, which was 
originally 16 ft in length, find the specific gravity of the liquid Assume 
the water barometer to stand at 33 ft 

(U) A motor car has its centre of gravity equidistant from the two axles 
If each tyre has an area of 25 aq in in contact with the ground find the 
pressure of the air in each tyre 

If a tyre has a volume, when inflated of 2000 rub in and originally 
contains no air, find how many complete atcokea of a pump muat be given 
to inflate the tyre to the required pressure, the internal volume of the 
pump being 25 cub in Take atmospheric pressure as 14 5 Ib Wt /sq in 
and n^lcct tbe volume of tho ronnectmn 

(15) A diving bell is in tbe form of a circular cylinder of diameter h and height A, 
surmounted by a heiuMpbere of equal diameter If it is lowered into 
water and no air is pumped m, find tbe depth of the top of the bcU when 
the water just fills the cjlmdef Show that to expel the water from the 
cylinder the volume of air at atmospheric pressure that must bo pumped 
in » (3 + A/H) ^ , where V is tho Tolumo of the bell and M is the height 
of the water barometer 

(1C) The volume of tho receiver of an air pump fa A and that of the barrel 
IS B A body when placed under the receiver weighs te oz , and after n 
strokes weighs iCj oz Detemuoo tho weight of the body in a vacuum 
Also, if the density of tbe body is p, find tho density of the air in the 
receiver at lint ( 
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(17) A receiver of capacity R has two barrels connected with it; one condensing, 
the other exhausting. The condensing barrel has a capacity a and the 
exhausting barrel a capacity b. They take their strokes alternately, 
beginning with the condenser; find the density of air in the receiver 
after n strokes of both, in terms of the atmospheric density D. 

(18) A diving bell is in the form of a hollow paraboloid, 10 ft. long, and it is 
sunk in water with its open end do^nlwards until the water rises 5 ft. 
internally. Find the depth of the vertex below the surface of the water, 
taking the water barometer as 33 ft. 

(19) An inverted hemisphere, of radius r, is full of air and is forced down so 
that it is just immersed in mercury. If the height of the mercury 
barometer is /i, and if the mercury rises a distance x in the hemisphere, 
show that X is given by the equation 

ad — (li 4- r) ar* — + (3r-h + fir*) a: — 2r* = 0. 

(20) A heavy air-tight piston can slide freely in a vertical c 3 dindor containing 
air. Initially the piston is at rest and the air below it is at atmospheric 
pressure, the length of the cylinder containing air then being A. The 
piston is allowed to descend. Show that it comes to instantaneous rest 
again at a distance x from the bottom, given by the equation 

, /x\ h — X 

d ’ 

where d is the distance from the bottom at which the piston would rest 
in equilibrium. Assume that Bojde’s Law holds and that there is no 
change in temperature. 


ANSWERS 

1. The highest point must be less than 21J ft. above the level of the liquid 
in the vessel. 

2. 750 cub. ft. 3. 400 cub. ft. 4. 619 ft. 

6. 42 ft. 1 in. 7. 1-6. 8. 11. 


9. (273 4- ()°, where H is height of Water barometer, U depth of foot of 

xl 

beU, and t° the original temperature, 
n. 8-2 ft. 12. 165-7 ft. 13. 13-746. 

14. 28 lb. wt./sq. in., 155. 15. 3H — W. 

Wj (A 4- B)" — wA" (le, — tv) (A 4-_^^ 

-- --- • w,(A 4- B)" — ?cA"'^' 


(A 4- B)" - A" 
)f« 




18. 94 ft. 



CHAPTER XII 


TENSION IN PIPES 

88 Tension in the walls of a cylmdncal vessel containing a gas 
Consider a cylindrical vessel made of some thin flexible substance 
and containing gas at a certain pressure, then the intensity of the 
gas pressure will be uniform over the whole internal surface 

Suppose a line is drawn m the surface parallel to the length of the 
cylinder [Fig 142 (a)] then to pre\ent the matenal of the surface from 
splittmg along this or a parallel line the strength of the fibres of the 
material must provide forces P Thus m any plane citcnlat section 
of the cylinder there must be circumferential forces dependent on the 
pressure of the enclosed gas This circumferential force per unit 
length of the cylinder is known as the ctrcutn/ereTUial tenston or hood 



(a) (b) 

Fig U* 


tension Let this force per umt length (inch) be T lb wt and suppose 
the enclosed gas is under a pressure of p lb wt per sq in , then we 
may derive T as follows Consider Fig 142(h), it shows the forces 
acting on a unit length of the upper part of the cyhnder resolving 
these forces %ertical\y we derive the hoop tension If the radius of 
the cylinder is r then from Chapter VII the upward force (per unit 
length) is p 2r Ib wt Thus 

2T * 2pT. 

ajwL T= pc 

In addition to this, the material must be capable of withstanding 
the tendency to spbt along the arcumference of any circular section 
by suppl^ung forces S [Fjg 143 (o)] 

Thus there is also a Imgiliidinal tension in the surface material 
and if the longitudinal puU per umt kngth la denoted by L, we ma\ 
determine its value by consideiing the equihbnum of a plane end 
[Fig 143 (6)] 
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The resultant thrust on a plane end due to the gas is and this 
is balanced by the longitudinal pull L per unit length, acting round 
the circumference of the circular end of length ^nr, as shown. 

Hence 27rrL = -nr^j), 


and 


L 


fr 


Thus the longitudinal tension is half the hoop tension. 




This foregoing theory assumes that there is no gas outside the 
cylinder, and consequently no pressure on the outside of the cylinder. 

If, in fact, there is an atmospheric pressure P outside, then the 
resultant pressure on the internal surface of the cylinder will be 
p — P, and thus T = (p — P) r, 

and L = ^ (p — P) r. 


89. Tension in thin pipes containing liquid 

We restrict ourselves to the case where the pipes are horizontal 
and suppose that the liquids are under sufficiently large pressures 
that we may neglect pressure differences in the liquid due to slightly 
different depths. Thus we assume that the pressure over the internal 
surface of the pipe is uniform. This will be very nearly so if either 
the pressure is large or the diameter of the pipe is small or both. 

The procedure, then, is exactly the same as for gases, but we may 
make the problem more definite by considering a pipe of small finite 
thickness and obtain expressions for the circumferential or hoop stress 
and the longitudinal stress in the material of which the pipe is composed. 
We have met the terms stress and tensile stress before, but we may 
consider them again now. For example, if a uniform metal rod of 
3 sq. in. cross-section is under tension by a force of 15 ton wt., then the 
tensile stress = “ 3 ® = 5 ton per sq. in. 

Consider a pipe of internal radius r and thickness t (small compared 
to r) [Fig. 144 (a)]. To find the circumferential or hoop stress, we consider 
a circular section through the pipe and consider the forces acting on 
half of it, exactly as we did for a cylinder containing gas. For a 
length I of the pipe, the area of metal on each side in contact with the 
lower half of the pipe is tl square units (suppose square inches). Then 
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if the circumferential or hoop stress m the metal is / ton per sq in , 
the total force to resist bursting is 2fll But this is balanced by the 
bursting force -n-lijch 2tI p Hence 

2fa=^2rlp, 


To determme the longitudinal stress, say/', consider Fig 144 (t) 
This represents the forces on the plane end of the pipe The total 
bursting force due to the liquid is 7 tt*j> If 1 is small the area of 



(a) (b) 

Fig 144 


metal in the cross section is 2wt t and hence this area multiplied hy 
/ IS the total resisting force 
Thus 27ntf' — vr*p 

and / = ly 

so that the longitudinal stress is half the hoop stress 

The reason we have postulated that the pipe should be thin is that 
m a thin pipe the stress over the whole thickness of metal may he 
taken as unifoim, but for a thick pipe this is no longer approsimatelj 
tcua, the hbrei q£. matsi tfeie. csutse. hein-g mnxe heavilv atresscd 

than those further away from the centre The theory of the strength 
of thick pipes IS beyond the scope of this book, but reference maj be 
made to books on hydraulics 


Bzample 1 — A urought tron ptpe, internal diameter 4 fi , has to 
wiihsland an internal pressure of 1309 lb per sq in , the ihichiess of the 
pipe being I tn Find the hoop stress 
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Hoop stress = y 


_ 1300 X 3 
~ 1 

= 7800 lb. per sq. in. 


Example 2. — UViOt thichtcss of jnpe, 1 ft. internal diameter, mil 
be nccessari/ to stand an internal ]>rcssure of 100 lb. per sq. in. if the 
stress in the pipe must not exceed 2000 lb. per sq. in. ? 

pT 

Thickness = — 

100 X 6 . 

2000 ^ 

= 0-3 in. 

90. Tension in a spherical vessel containing gas 

B}- s^-nimetr}', the tension in the spherical surface must be constant 
ever}'n'here. 

Consider the forces acting on one half of the sphere. If its radius 
is r, aud the tension round the rim of the hemisphere is T per unit 
length, then the total pull across the rim of the hemisphere is T.2Trr. 
If the pressure of the gas inside the sphere is p, then the total outward 
pressure is Trr-.p. 

Thus T.2a-r = Trr^p, 

i.c. T = Ipr, 

■which is half the hoop tension in the case of a cylinder. 

Again, if we have a thin metal sphere, of thickness t, and stress/, 
this equation becomes 

f.2Trrt = irr-p, 


By comparing this expression with the hoop stress in the case of 
a cylinder we see that if a cylindrical boiler has hemispherical ends, 
these ends need onlj- be half the thickness of the cylindiical part to 
withstand the same pressure. This, of course, will onlj’ be true if the 
thickness is small compared to the radius. In practice, the weakness 
caused by rivets and joints must also be taken into consideration. 
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Exercises Zn 

(1) A uniform colid rod of cirrnlar cross section, diameter d m , u under a 
tension of P ton wt AVkat is the intensity of tensile stress I 

(2) UTiat fluid pressure would just bnrst a cylindrical metal pipe of internal 
diameter 1 ft . the thickness of the metal being 0 2 in , if the metal ran 
bear a tension of 9000 lb per sq in * 

(3) Pmd the hoop stress in a c>lmdncal steam boiler of uternal diameter 
7 ft . if the thickness of the plates is ) in and the steam pressure is 120 lb 
per sq in 

(4} If, in Question 3 we taka into ronsMlmtion an atmospheric pressure of 
14 7 Ib per sq in outaula the boiler, « hat is then the hoop stress * 

(5) A cylindrical boiler mth henusphencal ends of the same internal radius 
contains steam at a pressure of lOP, where P is the atmosphcnc pressure 
If the henusphencal ends of thickness t| are exposed to the atmosphere 
while the cyliadncal part, ofthickneasit u exposed to an external pressure 
of 3P, find the ratio oft| tot^ in order that the stress m tbs hemispherical 
ends shall be ihe same as the hoop stress m the cylmdneal part 

(6) A honzoatal pipe with thin walls and toner radius r is foil of natsr at 
preesun p If there vi a bend ta the pipe in the form of % quadrant of 
a circle show that there u a loogitadiaal tensile stress in the pipe near 
the bend, of nugmtade pr/2t, where I denotes the thickness of the pipe 
(The asaumptiQU is to be made that no external horizontal forces act on 
the pipe near tbs bead ) 

U tho bend were greater or loss than 90’ would this hare any effect 
on the tension T (Inter Eng ) 

(7) A reriKal pipe, of height k ft and bore of diameter d in , contains water 
IVhete IS the hoop stress a maxunom, and what is this maximum ralue, 
if the thickness of the pipe is I in , and the density of water is w lb per 
cub ft ’ 

(6) A sphencal ballooa of radius 16 in is filled with gas atapressuce of 20 lb 
per sq in. and rises from the earth If the casing has a thickness of 
lo and can just stand a stress of 800 lb per sq in find the height at 
which it bursts Aaaume that the atmospheno pleasure is 14 77 lb wt 
per square inch at the earib s sorfaco and that it vanes at any height 
above the earth s surface in accordance with the expression obtained 
mi -3 


ANSWERS • 

L ^ ton wt per sq in 2. 300 Ib wt /aq m 

3 10 OSO lb wt /sq m. i. 8845-2 ib wt /sq in 6 

6 ^o 7 At base, ^ Ib wt /aq ft 8 


9 14 
10,278 ft 



CHAPTEE XIII 

WOEK DONE IN HYDROSTATIC PROCESSES 


91. Work 


Wien a force is applied to a body and tie point of appUcation moves, 
the force is said to do ivork, and the amount of work done is measured 
by tie product of the force and the distance through which the point 
of application moves in the direction of the force. 

Thus if a force of P lb. wt. move its point of application through 
a distance s ft., in the direction of the force, the work done = Ps ft-lb. 
w't. [Pig. 145 (a)]. If, as in Pig. 145 (h), the force acts at an angle B with 
the direction in which the point of application is constrained to move 
(AB), then we require the retolved part of the force in the direction 
AB. This is P cos 6, so that the work done moving the point of 
application from A to B is Fs cos 6 ft. -lb. wd. The resolved part 
of this work perpendicular to AB (i.e. P sin d) does no work because 
there is no displacement in this direction. 

Now suppose that the force is variable, depending on the exact 
position between A and 

B. Consider a small XT 

element of distance 8s F - — ^ X— Aa — a 

andsupposethat the force 

has a value Pin the direc- (a) (b) 

tion of the displacement, Fig. 145. 

supposed constant 

throughout this small displacement. Then the work done mo'i’ing the 
point of application through this distance 8s is F . 8s, hence the total 
w'ork done from A to B is 


JPrfs, 

w'here the integration is evaluated between limits which correspond 
to A and B. Thus, if with respect to some origin in the direction of 
AB, A is the point where s = Sj and B is the point where s = 
{i.e. AB = So — Sj), then 

r^2 

work done = I Fds 

and, of course, the integral cannot be evaluated tmtil F is known as a 
junction of s {i.e. the form of variation of the force 'svith the distance 
must be known). 

In this chapter we shall only be concerned with work done in 
hydrostatic processes such as the transference of liquids from one level 
to another, the work done in altering the position of a floating bodj' 
relative to the liquid, and the work done in the expansion of gases. 
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Much help may be obtamed, especially m the case of n anable foices, 
by draiving a force space diagram or wwi diagram It consists simplj 
of plotting the force against the distance, and, from the relations aboi e, 
the work done will be represented by the area under the curve '*0 
obtained Consider Fig 146 (o) Here we have a constant force F 
plotted N ertically against distance moved (plotted horirontally) 
The distance moved is from to Sj so that the shaded area represents 
the work done, » € F (sj — 8,) In Fig 146(h) we have a variable force, 

and the shaded area here is |** Fds, which is equal to the work done 

FORCE CONSTANT FORCE VARIABLE 



Fig 146 

Before proceeding with ll e solution of examples it is com ement 
to notice here an application of the foice space diagram which is of 
particular iiuportance to engineers IfoUce, first of a(( that in Fig 
146 (6) we have supposed the curve traced out from P to Q, » e that s 
was increasing If it were traced in the other direction, * e with « 
decreasing, the shaded area would give tht- work done against the 
force F (by other forces), which would bo negatiie work as far as the 
force F is concerned 

Suppose we ha\ e a a anable force which mo\ es its point of applica 
tion from A to B [Fig 117(fl)],bythepath PQF Then the area PQRBA 



THE INDICATOR DIAGRAM 


225 


represents the positive or useful rvork done by the force. If the 
point of application, when it reaches B, is moved back to A (by other 
forces) by the path RSP, then this path traces out the magnitude of 
the variable force as work is done against it. Tliis negative work is 
represented by the area BRSPA, and hence the total positive or useful 
work done by the variable force as its point of application moves 
from A to B and back is represented by the difference between the 
areas PQRBA and BRSPA, 

i.e. useful work done = shaded area PQRS. 

This theory is used in the determination of the amount of work 
done by a machine operated by fluid pressure on a piston. For instance, 
in a steam engine the forward stroke is obtained by the pressure of 
steam pushing the piston out and driving the machinery. Most of 
the steam then escapes and the piston is then returned to its original 




DISTANCE— ► 


a) 

Fig. 147. 

position, against the diminished steam pressure, by the momentum 
of the machinery. More steam enters and the process is repeated. 
An instrument, called the indicator, is attached to the machine and 
automatically draws the work diagram for the machine. It is then 
called indicator diagram and is often of the form shown in Pig. 147 (6). 
LM represents the rise in pressure as steam is admitted into the cylinder. 
MNO indicates the fall in steam pressure as the piston is driven forwards 
throughout its stroke and OL indicates the steam pressure against 
which the piston is returned to its original position. These diagrams 
are important to the engineer since they give the total work done by a 
particular engine, and also the variation of pressure from point to point 
as the piston traverses its cylinder. 

It must be realised that although the engineer uses units of foot 
pound weight for work done, equally well we may use the absolute 
unit of foot-poundal. 

We proceed to a few examples. 

lo 
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obtained by drawing the line F^xap, where F 13 the resultant 
upthrust (Fig 149) This is a straight line of the form y = mx, and 
consequently the work done is the area of the triangle OAB, where 
OA = h — I Since the height of an ordinate at a distance x is given 
byOT/) the length AB 13 equal to (& — J)ap, hence 
total work done = area of triangle OAB 
= iOA AB 
= J (A — /) (A — /) ap 
= iop(A-/)« 

which IS the same as that obtained in equation (m), 

aA* 

= i — (p — o)* ft lb wt as before 
" P 

92 Work and potential energy 

The Potential Energy of a body is its capacity to do work in virtue 
of its position For 
instance, if a mass of 
21b 15 held at a height 
of 7 ft above the floor 
it possesses a potential 
energy of 14 ft lb wt 
with respect to the 
floor ic it can do 14 
ft lb wt of work in 
149 dropping to the floor 

Thus in hydrostatic processes if work is done on a body against 
gravity, there is a correspoodiog increase in the potential energy of 
the body Agava if gravity is allowed to do work on a body there is 
a corresponding decrease in its potential energy Consequent!} v^e 
may frequently solve problems on the work done in a certam process 
by considering the changes occumng in the potential energies of the 
bodies affected by the process A body of liquid will possess a potential 
energy and if the configuration of the body of hquid is changed its 
change in potential energy will be measured by the product of its 
■weight and the vertical height through which its centre of gravity is 
tritrsYi Tins vs -m 'EixsmjAe \ Witrw 

Example 1 — The bctlom of a cylindrical wU of cross section 
a sq ft ,is hft below ground Iml the height of water in the well being 
d ft Find the worlc done in pumping all (he water up to ground, level 
and the corresponding change in pUential energy 

Consider the water contained m the well between horizontal planes 
at depths x and x + Sx below gronnd level (Fig 150) 
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Tlie volume of the element = aSx cub. ft. ; 

.'. the weight of the element = loaSx lb. wt., 
where w is the weight per cubic foot of water. 

Therefore, the work done in bringing this weight of water to ground 
level = x.waBx ft.-lb. wt. ; 

total work done in bringing all water to ground level 
= ^waxdx, 

where x ranges from h ~ d to h, 

(•'* 

i.e. total work done = I waxdx 

ht ~ a 



= iwa ~ {h — d)®] 

= hoa {2hd — d^) 

= awd ft.-lb. wt. 

But awd = total weight of water, 

and h — depth of C.G. of water 

below ground level. 

Therefore, with reference to the 
bottom of the well, the water has gained 
a potential energy of 

aivd (ji — ft.-lb. wt. 


Example 2 . — A cold water tank is in 
the form of a cube of edge 4r ft. and is full 
of water. It is connected with a cylindrical hot water tank of the same 
cubical content, but of height 6 ft., standing with its axis vertical, so 
that the upper end of the hot water tank is 10 ft. below the base of the 
cold water tank. If the water flows under gravity from the upper tank 
to the lower, find the loss in potential energy. 

The volume of water in the upper tank =4x4x4 cub. ft. ; 

weight of water in upper tank = 4 X 4 x 4 X 62| lb. wt. 

= 4000 lb. wt. 

The C.G. of the upper tank is 2 -1- 10 -f 3 ft. above the G.G. of 
the lower tank; 

loss of potential energy = 4000 X 15 ft.-lb. wt. 

= 60,000 ft.-lb. wt. 
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Example 3 — Solie Szample 2 § 91, dy considertny (he change in 
potential energy of the ty^em 


Turn again to Fig 148 

^Vlieii the block is pressed down, it loses potential energy, but 
there is a gam of potential energy by the liquid since the liquid which 
IS displaced by depressing the cybnder rises to the surface 

In the final position there is an extra volume of liquid displaced 
of amount (h — l)a cub ft , * e its weight is (A — 1) ap lb wt 


A — 1 

Its G G was originally at a depth I H — below the surface 


Hence, 

potential energy gained by liquid = (A — 1) ap -j — J 

= |ap (A — /) (A + 1 ) ft lb wt 
« |op (A« - P) ft Ib wt (i) 

The weight of cylinder s= hao lb wt , 
and its C G IS moved downwards a distance A ~ / ft . 
potential energy lost by cylinder 

s= haa (A — 1) ft lb wt 
= hp (A — 1) ft lb wt (ii) 

aince kaa^lap, 

total potential energy gained by system 
= (i) - (u) 

=. iap (A* - P) - lap (A ~ 1} 

« Jo/>(A-I)(A + l--2{) 

= Jop (A — 1)* ft lb wt 

which is the same expression as that obtained in Example 2 §91, 
oA^ 

and equals 4— (p — o)* ft lb wt 
P 

This 18 the total potential cne^ gamed by the system and con 
sequently is equal to the work done in depressing the cylinder to the 
position requited 


Example 4 — A sphere of wight Vf and radius a ts floating half 
immersed in a large tessel of vater Find the work required to raise it 
just clear of the icater 

Here, potential energy is gamed by the sphere, since its C G is 
raised a distance a vertically upwards, but potential energy is lost 
by the water wbicb has to run down to fill up the hemispherical space 
left by the sphere being raised 

Potential energy gained by sphere = 
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The weight of water displaced by the sphere when floating is W, hence 
this is the weight of water which must be lowered from the surface. 
The C.G. of a hemisphere is at a distance of fa from the centre and 
therefore, 

potential energy lost by water = W.|-a. 


Therefore, 

total gain of potential energy by system 
= Wa - I Wa 
= |W«. . 

and this is, therefore, the amount of work which is required to raise 
the sphere just clear of the water. 


Example 5 . — A cylinder of cross-section a floats with its axis vertical 
in water contained in a cylindrical vessel of cross-section 6a. If the 
density of the water is p, and the cylinder is lifted through a height x 
(hut not right out of the water), 
shoio that the increase in the 
'potential energy of the system 
is fapa?. 

Method (i). — By finding 
work done directly. 

Consider Fig. 151. AB 
represents the original level 
of the water and CD the base 
of the cylinder. IVhen the 
cylinder is raised a distance x 
so that its base is at C'D', the 
level of the water has dropped 
to A'B', so that the only length then immersed is the difference in 
height of A'B' and C'D'. Let this distance be d. 

When the cylinder is raised a distance x, the volume of water filling 
the space it occupied between CD and C'D' is ax\ and this volume has 
come from the lowering of the level from A to A'. 

The area of the water surface = 6a — a 



= 5o; 

.'. volume of water between AB and A'B' = 5a x AA'; 

5a X AA' = ax- 
AA' = iK. 

Let weight of cylinder = W. 

By Archimedes’ - Principle this equals the weight of water displaced 
when in equilibrium, 

i.e. W = op ^a; + d -f . (i) 




WORK PONE IN BTPROSTATIC PROCESSES 


Aftec the cylinder u raised a distance x, the length immersed is d 
weight of water di^laced =» adp, and this is the upthrust 
Therefore, 

resultant force downwards *= weight of cylinder — upthrust 
s= W — adp 

ap — odp from (i) 

This IS th^ resultant force downwards for a displacement x Let 
the displacement of a position intermediate between CD and (^D 
be z, then resultant force downwards for a displacement 2 
6 zap 

T" 

Therefore, the work done in mcieasing this displacement by Ss is 
o 

total work done for displacement x 


_ 6op I* 

~ T 2 

*= |api*, 

and this is equal to the mciease in the potential energy of the system 
Method (11) — By considering the change of potential energy 
Usmg the same natation as before, and considenng the change m 
potential energy for a final displacement x, 

potential energy gained by cylinder «= yfx (m) 

The water which is lowered has a weight axp, and its C G , originally 
at a depth half way between B and B , is lowered to mid way between 

D and D, t e a distance ^ d- 

potential energy lost by water = arp 2 ^ 




(iv) 
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total potential energy gained by system 
= (iii) — (iv) 


= Ws- 


= apx ^ from (i) 

/6a: 3x 

(5-+'*- 6 


= apx \ 


3 

= - apxfi, as before. 

" c) 


0 


Method (iii). — By finding the area of the work diagram. 

In Method (i) we determined the resultant force downwards when 
the cylinder was raised a distance x; it was [equation (ii)] 

resultant force downwards = 

5 

This gives a straight line if the force is plotted against x, so that the 
work diagram is a triangle exactly as in Fig. 149. Eeferring to that 
. dxup 

figure OA is now x, AB is — hence 

D 

area of work diagram = |0A . AB 
1 Qxap 

= §apx% 

and this is equal to the increase in potential energy. 


93. Expansion of gases 

In Chapter X, § 75, we obtained the fundamental relation for a 
gas [equation (xii)] in the form 

pv = RT (i) 

showing that the product of the pressure and volume of a given mass 
of gas is proportional to its absolute temperature. 

When dealing with the expansion of a gas there are two important 
cases to consider; if the temperature remains constant during the 
expansion, this is then said to be an isothermal expansion. Such an 
expansion must take place very slowly, so that no heat is absorbed. 
Consequently, from the fundamental relation above (i), the relation 
between pressure and volume for isothermal expansion of a gas will 
be given by 

pv = constant (ii) 

since the temperature is constant. 



WOHK DONl- IV inDUOTT^TIO IllOCrSSK'J 


tlioroforo, from cfumtioii (ii), the work dono lu the exjiunqiou from n 
\oliiu\ci to to a \oUmw is 


0 I ‘jWi 


wlicuj ;iu jt till' OTi}?mnl pro‘''»uro Rimil/irl^, tlio work iloiio m tlio 
routrncUou of a giis from a ^ohlmo to to t| 

(ii) n orl tJ >»r diiroig on ndtnbaUo fxjmmon 
'llii iqtintioii diAiigoiH 

jifi^ K (Acoustantt 

'lliprtfou work don* «( jik 

iu 

"4, ' •' T 

Ll y Jr, 


wiwtt Pu'’®’’ K « jv,\ 
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Example 1. — One cubic foot of air, originally at a pressure of 100 lb. 
per sq. in., expands to 10 cub. ft. Find the work done, assuming (a) 
isothermal expansion, and (b) adiabatic expansion. 

{a) Isothermal expansion. 

The equation is pv = C; 

C = 100 X 144 Ib./sq. ft. X 1 cub. ft. 

= 100 X 144 ft. -lb. 

fio 

The work done = I pdv 

=cr* 

■» 

= 01og,-V- 

= 100 X 144 X 2-30258 ft.-lb. wt. 

= 37,557-4 ft.-lb. wt. 


(6) Adiabatic expansion. 

The equation is pvV = K; 


.-. K = 100 X 144 X l’' 


= 14,400. 


The work done = 



K 

1 — y 
14,400 
-0-4 


{ 10 ^ 

( 10 - 


- y _ — 


■ 0.4 _ 1 ) 




= 21,600 ft.-lb. \vt. 


Example 2. — A horizontal circular cylinder, of cross-section S and 
length a, is full of air at atmospheric pressure P. The air is slowly 
compressed by an air-tight piston until it only fills a length b of the cylinder. 
Assuming the temperature remains constant, find the work done during 
the compression. 

Consider the force acting on the gas in the cylinder when it has 
been compressed to a length x (Fig. 152). Let the pressure of the gas 
be p, then since atmospheric pressure is acting on the outside of the 
piston, the total pressure resisting compression is p — P. 
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Therefore, the total fotce resisting compre'ision = (p — P)S 
Thus, the work done m a negative displacement (i e — 5x) 

= — (p-P)S Bx. 

Total work done in compression 

= -j*(p-P)S ir (1) 

Since the length of cylinder decreases from o to h 
Bat, since the compression is isothermal 

pr = constant, 

I e P 50=1 p &r, 

Po 

i,=- 

P'S 132 Thus (t) becomes 

Total work done = — | — P^S dx 

b 

« PS (h — a) -- PSo log - 
= PS (h - «) - PSo log " 



exercises XIIT 

(1) Find the irork done in ptunptn; 1000 gall, cf water through a vertical 
hr]gbtof24ft (1 galL of *ater weighs 10 Ib 1 

(5) A evlindncal well has a cfoas-pectwDal area cf 10 eq ft , and the bottom 
of tho well IS 30 ft below groniid. If Ihr™ » 10 ft of water in the well, 
find the work done in bringing i( aD up to ground lereL 

(t) The eioss<eectional area of a e^liodncal steam engine w I sq ft and the 
length of the etroke is 2 ft If the laesn steam pressure during a stroke 
IS 50 lb per sq m., find the wurk done per stroke 

(4) The direction of a force T u censtast and coincides with that of the 
displacement of the particle on whicli it acta, ABC are three points 
on the Ime of the displacement cuch that AB — BC — 5 ft, When 
P lies between A and B, F = 20 X AP Ib., and when P lies between B 
and C; F = 2500 AF* Jb Draw the work diagram and bjr estimation 
from the graph find the total wort done from A to C Cheek your 
result be calcolilioa (Inter Eng ) 



EXERCISES 


239 


(5) A solid cube floats with two faces horizontal in a large tank of water. 
The specific grarity of the cube is 0-76 and its volume is 1 oub. ft. Find 
the work done in raising the cube just clear of the water. 

(0) A C3dmder is floating with its axis vertical in a large tank of water. If 
it is pushed down so that an additional length x of its axis is immersed, 
show that the work done on the cylinder is ^wx, where to is the additional 
weight of the water displaced. 

(7) A sphere of weight W lb. and radius a ft. rests at the bottom of a ojdindrical 
bucket, of radius b ft., which is filled to a depth h ft. with water, h being 
greater than 2a. Provo that the work which must be done to lift the 
sphere just clear of the water is 

where S is the weight of water displaced by the sphere. 

(8) A O3>’lindrioal block of wood, whoso cross-sectional area is A, is floating 
in a cylinder (cross-sectional area B) containing water. Show that the 
work done in pushing the block down to 003' position where it is not 

• wholly immersed is 

whore I is the change in water level and P is force applied to the block in 
its final position. Solve tho problem: — 

(i) by considering the changes in potential energy, and 

(ii) by integration. 

• Prom the expression obtained for tho resultant upthrust in any 

position, draw tho work diagram and hence evaluate tho total work done 
as an area. 

(9) If, in the last question, the weight of the block is IV and tho weight per 
unit volume of water is ic, show that tho work done in lifting tho block 
just clear of tho water is 

W= 

2ABtc 

(10) A sphere of weight W and radius o is floating half-immersed in a large 
vessel of water. Find, b3’ integration, the work required to raise it just 
clear of the water and compare tho result with Example 4, § 92. 

(11) Air at 87“ C. expands adiabaticall3' so that its pressure is halved. Find 
the resulting temperature. 

(12) A gas has a volume of 100 cub. ft. at a pressure of 10 lb. per sq. in. and is 
compressed to 20 cub. ft. Find tho resulting pressures and tho work 
done if 

(i) the compression is isothermal, and 

(ii) tho compression is adiabatic. 

(13) A gas contained in a flexible vessel expands adiabatically from a volume 
t'o to a volume Vy If the pressure of the gas is originally p„ and there 
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IS &TI esteiml atmosj&enc piessore of P danag the expansion show 
that the work done is 

(iv-. — P»»i) - P (f| - *.) 

u here pj u the final pressure of the gaa 

(14) Gas expands adiabatically ftom pressure and volume r, to volume 
Vg (1 + a) and then contracts fsothermall/ to volume r. Show that 
the work done by the ^a is 

[7^ -<> + •)■’' {7^- '“S + “l}] 

Show that if a* may be oegtecled this reduces to ipgCga* (y — I) 

(15) A sphere of radios a u held immersed at the bottom of a hollow 
eyhadncal cvlinder, internal radius 2a which is filled to a depth 3a with 
water The sphere is released and takes up its position of equilibrium 
If the epecifie gravity of the sphere is } and its weight is W, show that 
the loss of potential energy is 


ANSWERS 

1 240 000 ft lb V l 2 ISo 750 ft !b wt 3 U 400 ft Jb wt 
4 600 ft lb wt 6 17 52 ft lb wt 10 11 2.3®C 

12 (1) 60ib wt persq in 231 7594 ft lb wt 
(u) 05101b wt pereq in 3253»S0ft lb wt 
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(1) Tlip plunger of o Bmninh press Jins a diameter of J in. and is operated by 
u lover ivliose velocity ratio is 12 : 1. Tlio diameter of tlio rum is 10 in., 
and the cfliciency of the press is 85 per cent. Find tho force exerted 
by the mm -tthen a force of 35 Ib. «t. is applied to the handle of tho lover. 

(Inter. Sc.) 

(2) Bclino tptciftc gravittj. 

Tho apparent weights of a jiieeo of glass nhen completely immersed 
in ivater and glycerine (of specific gravity 1-25) are GO grni. and 50 grm. 
respectively. Determine tho specific gravity of tho glass. (Inter. Sc.) 


(3) A canal lock-gate is 12 ft. broad and tho depths of water at the opposite 
sides of tho gate arc iC and 10 ft.; find in tons weight tho magnitude of 
tho resultant mater thnist on the gate, assuming that a ciibio foot of water 
has a mass of C2-5 lb. 


(4) A cube, each side of which is G in. long, lies at tho bottom of a water 
tank 5 ft. deep. Calculato in pounds weight tho resultant fiuid 
pressure on the upper horizontal face of the cube, and also on a vertical 
face, assuming that tho ntmospherio pressure is that duo to 34 ft. 
of water, and that a cubic foot of water weighs C2J lb. 

(5) Two circles are drawn on a vertical wall of a reservoir; they touch each 
other externally, and tho centre of tho one (radius r) is vertically below 
the icntrc of tho other (radius R). Tho water in tho reservoir rises bo 
that the upper circle is just immersed. If x = It/r, show that, when tho 
resultant pressures on tho two circles are equal, x is given by tho equation 

x=> - 2x - 1 = 0. 

Show thatx = — 1 is a solution of this equation and hcnio that tho only 
positive solution is 

X = 4 (1 -1- VC). 


(G) Show that the magnitiido of the thnmt on a jilano surface of aica A 
immersed in ic liquid is pAd, whore p is tho density of tho liquid and d 
is tho depth of tho mean centre of tho area below tho free surface. 

A hollow regular pyramid, made of thin shoot motal, has a squaio 
base of side 2a and vertical height 3a. Tho pyramid is completely filled 
w ith w ntor, the weight of the w at or being four times that of tho p 3 vamid 
itself. If tho whole rests with tho base of tho pyramid on a horizontal 
plane, show that the thrust of tho water on tho base of tho pjvamid is 
2-4 times tho thrust of tho whole on tho piano. 

Find tho magnitude and direction of the thrust of tho water on a 
slant face of tho pyramid and use those rosults to explain tho apparent 
anomaly above. (H.S.C., I.) 


16 
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(7) A heavy uniform bar of specifio gravily 075 partly rests in water, the 
upper end being fixed at a point which is a quarter of its own lengtii 
above the surface Show that a position of rest is at an inclination of 
30® to the horizontal 

(8) A hollow cone consisting of a carved sorfaeo dosed by a circular base 
both mado of thin sheet metal, is 12 m high and has a radius of 5 m 
The cone is to rest completely aabmeiged in water with its vertex fixed 
and its axis horizontal, find the necessary weight of metal per square 
inch of surface, assuming that a cnbio foot of water has a mass of 1000 oz 

(9) Prove that a diver who is able to stand a pressuro of n atmosplieres can 
descend to a depth of n times the height of the water barometer, and 
that if the diving dress when infiated displaces V tubie feet, it must be 
loaded with d4 V Ib of lead in sea water of specific gravity 1 024 for the 
diver to walk about the bottom of the sea with the same ease as on 
dry land 

(10) A rectangular tank is divided into two compartments by a vertical di& 
phragm The two compartments aro then fiUed to heights h, K with liquids 
of densities p, c respectively Show how to choose h and i so that the 
resultant of the pressures on the diaphragm shall reduce to a couple, 
and find the magnitude of this couplo per unit breadth of the tank 

(11) A cylinder of radius r fioals id liquid of density o inside a cylindrical 
vessel of radius a Show that if a toass W be placed on the floating 
cylinder, it will sink by an amount 

(12) A thin hemisphere without base ta placed m close contact with a metal 
due which is honzoatal and lowermost if the common radius of the 
hemuphero and disc be I in and tbe weight of the disc 4 or , find the 
extent to which tbe enclosed air must be rarefied in order tiiat a weight 
of 26 lb may be suspended from tbe centre of the due (Take the 
atmospberio pressure as 16 lb per square inch ) 

(13) State and prove the principle of Archimedes 

A piece of metal which weighs 10 kilog floats in mercury with 6/9ths 
of Its volume immersed Find tbe volume and density of the metal, 
assuming the specifio gravily of tho mercury to be 17 5 (Infer 6c ) 

(14) A cube of ice, specific gravity 0 018, floats in scaVatcr, specific gravity 

1 02G, with two faces hcruonlal and projects 1 cm above tho surface 
of the water bind to what height it will project if transferred to float 
m fresh water (Inter Sc ) 

(16) A closed cubical box of side 2 ft is half full of oil, apeciGo gravity I 3, 
and half full of water It u tilted about one edge which is horizontal 
until tho faces about this edge are inclined at 45® to the horizontal Find 
the liquid thrust on one of tho vertical faces of the box (i) if tho oil and 
water are not mixed, (u) if the ml and water are thoroughly mixed Take 
tho density of water to be 62 5 lb /ft* (Inter fee) 
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(10) Prove tliat llio depth of the centre of liquid pressure on a triangular 
lamina vertically immerfiod with one edge in the free surface is half the 
depth of the lowest point of the lamina. 

The triangular lamina ABC is vertically immorKOrl with the edge 
AB in the free .surface and C at depth 7i. If D is the raid-point of BG, 
.show that the depth of the centre of liquid pressure on the triangular 
jwirtion ADC is 7A/12, and find the ratio of the thrusts on ADC and ADB. 

(Inter. So.) 

(17) ABC i.s a triangular lamina, the angle A being a right angle and the angle 
B 30°. It can turn freely in its own piano which is vortical, about A 
uhich is fixed in the .surface of water. If it is in equilibrium with C 
immersed and AG making an angle of 00° with tho horixontal, show 
that tho specific gravity of tho material composing tho lamina is J. 

(Inter. Sc.) 

(IS) Tho cross-section of a barometer tube is one square inch, tho Torricellian 
Vacutim is 4 in. in length, and tho barometrio height is 30 in.; one-fifth 
of a ciibio inch of tho external air is now introduced into tho vacuum, 
and at the samo time the absolute tomporaturc is diminished by ono-si.icth; 
putting tho contraction of tho mercury out of tho question, find tho 
pressure in tho vacuum. 

(19) A hollow right triangular prism is closed at tho top b^’ a heavy lid ABC 

hinged along BC. Tho prism is filled with wafer and tho whole tilted 
about BC, which is kept horizontal, until water just begins to escape. 
Show that tho angle made with tho horizontal by tho plane ABC is the 
samo whether A is above or belon- BC. (II.S.C., HI.) 

(20) A right circular solid cone (spccifio gravity >1) is suspended by a string 
attached to a point on tho circumforcnco of its base and rests completely 
immersed in water, with tho point of attachment of tho string in the 
surface of tho water. If tho height is double tho radius of tho base, 
show that tho horizontal and vertical components of tho resultant fluid 
pressure on its curved surface nro respectively GW/5 and 8W/0, whore 
W is the weight of tho water displaced by tho cone. 

(21) A thin hollow vessel in tho shape of o paraboloid of revolution floats in 
a liquid of density p with its axis vertical and vortex dowmwards. If 
tho weight of tho vessel itself can bo neglected, find to what height it 
must bo filled with liquid of density a (a > p) in order that its vertex 
may be at a distance h below tho free surface of tho first liquid. 

(22) Find tho centre of liquid pressure of a rectangle immersed in a liquid 
with one edge in tho surface. 

A hollow cube of side a with one face horizontal has its lower half 
filled with water, whilst tho upper half is filled with a liquid of specific 

. gravity 0 9. If tho two liquids do not mix, show that tho depth of tho 
centre of liquid pressure on a vertical face of the cube is 149o/222. 

(Inter. Se.) 
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(23) A qu&dnkteral ABCS), with «idea AB AD, CB » CD is totally 
tmmetsed vertically m ft Iiqwd mtb the vertex A on the eutface and the 
diagonal BD haruontal If the perpendiculars from A and C on BD 
are of lengths a and 6 respectively, prove that the centre of pressure 
of the quadrilateral will be at the mid point of BD provided 

2a = (VS +1)6 (11 SC. I) 

(24) Find the depth of the centre of pressure of a triangle immersed vertically 
in Lquid ivith one aide in the free surface 

A triangle ABC, i^ht angled at C, is immersed vertically in water 
with AB in the free surface It is then rotated about A until AC is 
vertical Show that the depths of the centre of pressure on the triangle 
ABC in the two positions are in the ratio 3 sm a 3, where a is the 
angle BAG (Inter Sc ) 

(25) Find the depth of the centre of pressure of a triangular area ABC imsimed 
vertically m liquid with the side BC in the free surface at which the 
pressure vamshee, given that the depth of A below BC is d 

If X IS the point of the side AC euch that the liquid thrusts on the 
triangles BCX, ABX are equal, show that the depth of the centre of 
pivtsure of the tnangle ABX » 

d(l-lv'2) (HSC.I) 

(26) A closed vessel of thin eheet metal consists of a right circular eyhncler, 
radius a, height a, closed at one end and hanag the rim of the other 
end eoldeted to the nm of the bt«e of a circular cone of radius a and 
height a It is held with its axis vertical and conical part uppermost, 
and filled with water through a small orifice at the vertex of the cone 
If the orifice is now closed and the vessel inverted, find the ratio of the 
liquid thrusts on the curved conical surfaee m the two positions 

(Inter Sc ) 



ANSWERS 


1. TOO ti>. wt. 2. -j-ri. 

3. 2i)'l. 4. OOl'C lb. wl., C05-5 lb. wt. 

6. 2aV\'^10 : tnn“' (3) with vcrlicrtl. 8. 0-036 oz./sq. in. 

10. Prossiiro rcdiicci to a couplo if p/i* = ol~. irngnitiulo of conpio is 

ol^{h '-'lyo. 

12, 13. li litro.sj 7-5 grm./oin.’. 14. 7-70 mm. 

15. (i) 371-2 lb. ivt.; (ii) 40Q-S lb. wt. 16. 3 : 1. 

18. Tbnt lino to 1 in. of morriiry. 21. /l•^/(p/o). 20. 1 : 2 
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Pressure at a point, 6 

— atmospheric, 28, 182, 195 

— arerago, 5 

— centre of, 70-103 

— effect of immersed solid on, 146 

— fluid, 4, 8 

— intensity, 5, 24-38 
Pumps, 207-16 

— air, 211 

— common, 207 

— condensing, 213 

— forcing, 211 

— lifting, 210 

— water, 207 


RETAINING walls, 104-7, 1 10 ^ 

Rotated area, centre of pressure of, 85 


SCALARS, 14 
Shearing force, 3 
Siphon, 206 

— barometer, 184 
Solid, 2 

Specific gravity, 15-23, 160-80 

bottle, 161 

of mixtures, 18-22 

practical determination of, 160-80 

tables, 160, 195 

— heat, 234 

Statistical examination of results, 177 
Stratosphere, 197 
Stress, 3 

— tensile, 106 
Submerged body, 144 


TEMPERATURE, absolute, 191 
Tension, circumferential, 218 

— hoop, 218 

— in pipes, 218 

— in spherical vessel, 221 

— longitudinal, 218 
Thrust, 6, 39-69, 116 

— graphical determination of, 63 

— horizontal, 119 

— on curved surface, 116-39 

— resultant, 39, 116-39 

— total, 39-69 

— vertical, 117 
Torricelli, 182 

Transmissibilify of fluid pressure, 8 


UNITS, 7, 14 
Upthrust, 133, 149 
U-tubes, 34, 176 


VECTORS, 14 
Vertical thrust, 117 

on immersed body, 123 

Viscous fluids, 3 


WEIGHT, 14 
Work, 223-38 

— by constant force, 223 

— by expansion of gosos, 235 

— by variable force, 223 

— diagram, 224 
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(2) The horizontal component of the reaction (Rjj) exerted b} the 
cur% ed lamina ABCD 

Hence these are equal and opposite, and since the thrust exerted 
bj the fluid on the lamina la equal and opposite to the reaction exerted 
bj the lamina on the fluid ne have — 

Resultant horizontal thrust of the fluid on the area in a given 
horizontal direction is equal to the thrust which would be exerted 
on the projection of the area on to a \ert\cal plane perpendicular 
to the given direction and acts through the centre of pressure of 
that projected area 

Example —■A Jiol/ow iemtsp^encol shell oj radius r is immersed 
in liquid of density p mlh a rfiomrfer vertieal 1/ the centre is at a depth 
I, find the resultant homontat thrust on the hemisphere 

The projection of the hemispherical shell is a circle, radius r and 
centre at depth I Hence, by the theorem above, the resultant 
horizontal thrust on either side of the curved surface of the hemi 
spherical shell is equal to the thrust on the circle This, from § 27 
(Case 7) is iri^pk and the depth of the centre of pressure of the circle 

IS A + from § 42 (Example 2) Thus no know the magnitude and 
position of the resultant horizontal thrust 
Si Examples 

We now propose to solve some problems concerning thrusts on 
curved surfaces in which ne may compound the resultant vertical 
and horizontal thrusts to obtain a single resultant 

Example 1 — A closed cylinder of radius r ft and length Ifi is gust 
full of lifijiri of density p lb per oib ft If the ejihntier vs field xnth 
its axis homontal, find the liquid thrust on each half of the ciiri'ed surface 
determined by a honzontal plane through the axis 

Tbe resultant v ertical thrust on the upper half of the cutv ed surface 
of the cjlinder will be the weight of the liquid which nould stand on 
this part if the liquid were outside instead of inside, the levels in the 
two cases being the same Fig 88 shows the section 

Thus the volume of liquid standing on the upper half 
= 2f*f- 4«r»fcub ft 
= /r» (2 - Jir) cub ft , 
weight of liquid = fr*p (2 — ^tt) lb wt 
Hence the resultant vertical thrust on the upper part is /r*p (2 — Iw) 
and acts upwards as shoiim in Fig 88 (since it acts through the centre 
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of gravity of the li(juid). If tin's upper half were divided by a vortical 
plane tlirougli the axis, it is clear that tlie horizontal thrust on one 
half would he equal and opposite to the liorizontal thrust on the other 
half so that there is no resultant horizontal thrust. Consequent!}', 
the resultant vertical thrust obtained above is in fact the total liquid 
thrust on the upper half. 

The resultant vertical thrust on the lower half is obtained in exactly 
the same way by finding the weight of liquid which would stand on 
the lower half. The .section is as in Fig. 89, so that this weight 
= p {2nl + l—rl) 

— Inp (2 + Iw) lb. wt. 

As in the case above, there is no horizontal thrust, .so that this 
represents the total liquid thrust on the lower half. 




Fig. 88. 


Notice that the dificrcncc between the thrusts on the lower and 
upper halves gives, as it must do, the weight of the cylinder of liquid. 
Thus ir-p (2 iw) - Ir-p (2 - Itt) = irr-lp. 


Example 2 . — A basin is in the form of the jmrl of a hemisphere of 
radius 5 in. between its plane face and a parallel section of radius 3 in. 
which forms the base of the basin. If it is placed on a horizontal table 
and coydains water to a depth of 1 in., find the residtant liquid thrust 
on the curved surface, taking the weight of 1 cub. ft. of tcater to be 62i lb. 
[The volume of a segment of height h cut from a sphere of radius a is 
7r/i=(a-P).] {Inter. Sc.) 

Let ABCD (Fig. 90) represent the basin, EF the surface of the 
water, and 0, L, M the mid-points of AD, FE, BC respectively. 

Since OC = 5 in., MC = 3 in., then by Pythagoras’ theorem, 
OJI = 4 in. 



